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Abstract 

In this paper we answer a question of J. Bourgain which was mo- 
tivated by questions A. Bellow and H. Furstenberg. We show that the 
sequence {n 2 }^ =1 is Z^-universally bad. This implies that it is not 
true that given a dynamical system (X, T) and / G L l (fi), the 
ergodic means 
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converge almost surely. 



1 Introduction 

Research related to almost everywhere convergence of ergodic averages along 
the squares was initiated by questions of A. Bellow (see [3]) and of H. Fursten- 
berg [11]. Results of Bourgain [3], [5], [6 J imply that given a dynamical system 
(X, E, /i, T) and / G L p (fi), for some p > 1, the ergodic means 

i N 

lim - Yf(T n2 (x)) (1) 

n=l 

converge almost surely. Bourgain also asked in [1], [8] whether this result 
is true for L l functions. In this paper we give a negative answer to this 
question. 

Let us recall some concepts related to this problem. 

Definition 1. A sequence {rik}kLi is ^-universally bad if for all ergodic 
dynamical systems there is some /ei 1 such that 

1 N 

lim - Yf(T n *x) 
fc=l 

fails to exist for all x in a set of positive measure. 

By the Conze principle and the Banach principle of Sawyer (see [TOj , |21j . 
or [20]), the sequence {n/ c }^ =1 is /^-universally bad if there is no constant 
C < oo such that for all systems (X, £,//, T) and all / G iv 1 (/i) we have the 
following weak (1,1) inequality for all t G R : 




The main result of this paper is 
Theorem 1. The sequence {A; 2 }^ is L 1 -universally bad. 
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This theorem will be proved by showing that there is no constant C such 
that the weak (1, 1) inequality given in holds. 

This paper is a new and substantially modified version of our preprint 
from 2003. The proof in that preprint contained a gap but the methods of 
that paper lead to a solution of a counting problem raised by I. Assani (see 
[I] and 0). 

The paper is organized as follows. In Section [2] we develop the necessary 
ingredients we need concerning the asymptotic distribution of squares modulo 
q where q is the product of k distinct primes. The specific technical property 
we need is given in Lemma [21 In Section [3] we develop the notion of a periodic 
rearrangement of a given periodic set. Lemma [3] states a property about the 
frequency squares hit such sets; we will need this later in our construction. 
Section H] is the technical heart of the paper. For positive integers K, M 
and a periodic set A we define the notion of a K — M family living on A. 
What we need for the proof of our main theorem is the existence of some 
specific families living on A = R. The properties of these families are stated 
in Lemma However, we need a double induction argument to show that 
such families exist. In Section 14.14 i n Lemma M assuming K — M families 
exist for all parameter values on R, we show that they exist on periodic sets 
A. In Section 14.21 we turn to the proof that if K — M families exist, then 
(K + 1) — M families exist as well, this induction on K is our outer inductive 
construction. In Sections 14.2.11 through 14.2.81 we carry out the first step of 
this induction, while in Sections 14.2.91 through 14.2.151 we show how this first 
step of the induction should be altered for (K + 1) — M families when K > 0. 
The proof of the existence of (K + 1) — M families involves an intricate inner 
inductive construction, the "leakage process", which is outlined in Section 
14.2.11 and carried out in Sections 14.2.21 through 14.2.71 Once it has halted, it 
is shown in Section 14.2.81 how to adjust the functions so that the next stage 
of the outer induction holds. In Section [5j we give the proof of the main 
theorem. We construct a sequence of rational rotations T p , functions f p and 
numbers t p which witness that there is no constant C satisfying (j2j). 

To understand the heuristics behind our proof it might also be useful to 
look at 0. 

If someone prefers to have a general overview of the main ideas of the 
paper before turning to the details here is a recommended quick tour: After 
reading the introduction read Definition [3j Then jump to Section [5] and read 
the statement of Theorem [HJ Skip the proof of this theorem and read the 
details of the proof of Theorem [T] at the end of Section Then continue with 
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Section [2] and read it until Jump to Definition [2] and Remark [TJ Then 
read Section H] starting at Definition [3] until the statements of Lemmas and 
[6j From here jump to Subsection 14.21 and read it until the paragraph above 
14.2.11 Continue with Lemma [2] and the paragraph above it. Read Remark [2j 
Then jump to Section [3] and read it until Lemma [3] is stated. Finally, read 
Subsection 14.2.11 until the paragraph containing (j58|) . 

Let us fix some notation. Given / : R — > R, periodic by p we put 



1 



v 



f = ~ f(x)dx. 
V Jo 

Given a Lebesgue measurable set A, periodic by p we put 

2 Number Theory /Quadratic residues 

For each q G N and n G Z set e(n, q) — 1 if n is congruent to a square modulo 
g, and let e(n, g) = if not. We denote by cr g the number of squares modulo 
g. If p is an odd prime, then a p = If g = pi ■ • • p K where pi, ...,p K are 
distinct odd primes, then (by the fact that something is a square modulo q if 
and only if it is a square modulo each pi plus by using the Chinese remainder 
theorem) a q = Yli=i For elementary properties of quadratic residues see 
[13] pages 67-69, or Chapter 3 of [TS]. We remark that though 2 = 0, when 
talking about quadratic residues usually only those are considered which are 
not congruent to 0, but since e(n, q) = 1 when n is congruent to modulo q 
we will regard a quadratic residue (or square) in this paper. 

In Section [3] we will use the Legendre symbol. If r is an odd prime the 

Legendre symbol ^— J = ^— ^ equals if r divides n, otherwise it equals 

+ 1 if n is a square modulo r and equals —1 if n is not a square modulo r. 
To avoid notational confusion we will use the subscript £ for the Legendre 

f nm\ fn\fm\ I n 

symbol. It is a character, that is, ^ J = y~ J y — J j aric ^ 1 + ^ — 

equals the number of solutions x mod r to the congruence x 2 = n mod r. 

Put A (g) = {n G Z : e(n, q) = 1}, the set of integers which are quadratic 
residues modulo q. Clearly, 

#(A (g)n[0,g)) = a 9 >^. (3) 
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Next we discuss some results from [19] concerning the distribution of the 
squares modulo q. Given K, consider a fixed sequence (e%, £#) of zeros 
and ones. Assume that ai,...,a,K are distinct integers modulo an odd prime 
p. 

Set v p (ei, ...,Ek] a>i, • ••> o>k) = #{w : < n < p, e{n + cti,p) = Si for i = 
1, K}, that is, v v {e\, Ek\ cli, ■ clk) counts the number of occurrences of 
(ei, ...,Ek) in translated copies of ai, a# modulo p. Then 

P P 

- K(3 + y/p) < Upfa, e K \ ai, a K ) < + if (3 + ^/p). 

The "probability" of the occurrence of (ei, ...,Ek) in translated copies of 
(ax, ...,a K ) is 

z/p(ei, ek'-, ai, ax) 
r p {£i, ai, qk) — 



P 

and by the above result if (aj, a#-) is fixed, then 

V p (ei, ...,£k] a i, •••) a i0 - ► ^ as ^ e oc ^ prime p — > oo. (4) 

Next we want to choose square free numbers q = p\ • • -p K , where pi, ...,p K 
are distinct sufficiently large odd primes with good statistical properties. 

A number n is a square modulo q if and only if it is a square modulo 
each of the primes pi, ...,p K . By (j4j) given ai, ...,clk and keeping k, fixed as 
min{pi, ...,p K } — > oo we have 



^ 1 ,...,^a 1 ,...,a,)^^-j ' ^ 

that is, statistically squares modulo q look like outcomes of independent 
Bernoulli trials with probabilities and (1 — . Without going into tech- 
nical details of this fact from number theory, we just give an outline of 
a proof by induction on k. For k = 1, (jSJ) follows from (j3J). Suppose 
k > 1 and (jSJ) holds for k — 1. Set g — Pi ■ ■ • F° r an Y possi- 

ble choice of e' = (e[, e' K ) and e" = (e", e" K ), set W(e',e // ) = {n : 
< n < q, e(n + ai,q ) = e\ and e{n + di,p K ) = e'( for z = l,...,if}, 
Wo(e') = : < n < qo, e{n + a,i,qo) = s\ for % = 1,...,K}, and 
W«(e") = {n : < n < p K , e{n + di,p K ) = e" for z = 1,...,K}. Observe 
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that for any n the numbers n + jq 0} j = 0, ...,p K — 1 hit each residue class 
modulo p K exactly once, and e(n + jq + a*, go) — £ ( n + a i, Qo) f° r an i- Using 
this one can see that Wq{s') and W K (e") are independent in the sense that 
#W{e',e") = #W {e')#W K {e"). For e = (e u ...,e K ), set G(e) = {n : < 
n < q, e(n + ai ,q) = e< for i = 1,...,K}. Then #G(e) = £#W(e',e")» 
where the sum is taken over all pairs (e', e") whose coordinatewise product 
is e. Taking the limit as minp 1; ...,p K goes to infinity of #G(e)/q, using (jlj) 
for the limit of #W K (e") / p K and ((Sj) for the limit of #Wo(e') / qo, and noting 
that the only thing that matters in these limiting probabilites is the number 
of l's in the sequence, we have after setting m = £) i=1 e ^ that the limiting 
value is 



1 

2* 



K-m 

£ 

i=0 



K — m 



• 2 «- 



1 



2 K " 



>2»- 



i 

2* 1 



K—m 



which is what we wanted. 

Consider an infinite sequence of pairwise independent random variables 
Xi : Y -> {0,1} with P(X 4 (cu) = 1) = i P(X<(a;) = 0) = 1 - i. Then 
i?(Xj(u;)) = ^r. By the law of large numbers if p > and K — * oo, then 



[ if i t(w) _I 
\ i=i 



>P 



Given p, e\ > if K is large enough, then 



P 



1 K 
K ^ 1 



u) - 



1 



>P \ < ei 



For odd primes pi < P2 < ••• < Pk put q — pi-- -p K - Given distinct integers 
ax, qk consider Xi(n) = e(n+ai,q). By (jSJ) aspi — > oo the variables X«(n) 
approximate independent random variables with Bernoulli distribution 
(l — t^t). Hence, given a sufficiently large K if pi is sufficiently large then 



#{nG[0,g): £ J2?=i £ ( n + a i> ?) ~ F ^ 



< ei. 



In particular, we have 



A 



K 



#{ri G [0, g) :J2 £ ( n + ?) > ^ + K P) < e i<?- 



i=i 



(6) 
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For later arguments we now introduce some parameters. We will need 
a suitably small "leakage constant" 7 G (0, 1) of the form 7 = 2~ Cl where 
c 7 G N. Then we work with k > c 7 . Furthermore we use small constants 
p, pi > 0. For large K\ we have 

K 2 =\(l + p 1 2 K ) 1 K 1 ] < (1 + Pl )(l + Pl 2 K ) 1 K 1 and 7 2 K /^i < d- (7) 
Thus for a large K\ we can choose p' x such that 

p[>ma,x{K 1 + 1 2 K ,K 1 /e 1 } (8) 
and, in addition if p\ > p[ we have for any q = p\ ■ ■ ■ p K , p\ < ... < p K , 



#{nG [0,q) : 



1 £ , ■ , 1 



> p} < eig. 



(9) 



Also, we can choose p" > p[ such that if p% > p'{ then given any integers 
ai, ...,a,K2 so that the difference of any two of them is less than p[ we also 
have, after a simple change of notation in (J6l) 



k 2 



#{n G [0, q) : £ e(-(n + a i ),q)>^- + K 2Pl } < m 



(10) 



i=l 



the negative sign in the first argument of e(*, g) is due to technical reasons in 
later arguments; it is clear that if n takes all possible values modulo q then 
so does — n. 

Let ni G [0, 00) be the first number for which 



V(Ki,ni,q) 



def 



1 ^ 1 

— J2e( ni + i,q)-- 



< P- 



Next choose the least n 2 > n\ + Xi such that TD{K\, n 2 ,q) < p. 
Continue and set J = {j G N : < rij < q}. If n' G [0, g) \ U^-gj-frij, % + 
fsTi), then n', q) > p holds. 

Hence, by © 



#{n G [0, g) : n £ (J [n,-, n, + ATi)} < aq. 
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If j G J then by the definition of e(n, q) 

-p)< #Uo(q) n [nj + l,n, + ffjj < ^(1 + p), (12) 

so that the number of quadratic residues modulo g in the interval [rij + 1, rij + 
K\] is approximately Ki/2 K . 

Definition 2. Set A 7 (g) = -A (g) + {j G Z : < j < 72 K }, A 7 (g) = 
A 7 (g) + [0, 1) = — A (g) + {x : < x < 72 K }. For ease of notation in the 
sequel if we have a fixed 7 and we do not want to emphasize the dependence 
on 7 we will write A(q) and A(q), instead of A 7 (g) and A 7 (g), respectively. 
(To make it easier to memorize our notation for these A type sets it will be 
useful to keep in mind that the sets A without the bars will be subsets of Z 
and the sets A C R will be obtained from the corresponding A sets by adding 
[0,1). 

Remark 1. Here are some "heuristic" comments related to the above defi- 
nition. 

If A (q) equaled {k ■ 2 K : k G Z}, then X(A(q)) would equal 7. 

Next suppose that A (q) is the set of quadratic residues. If the intervals 
making up A 7 (g)) were disjoint, then A(A 7 (g)) would be 7 Yli=i ^f^i some- 
what larger than 7. However, by results in [15] for a fixed 7 as k goes to 00, 
the normalized gaps between consecutive elements of A^q) converge to an 
exponential distribution. We will make explicit use of this fact in Lemma [71 
Since the normalizing factor is a q , the number of squares modulo q approx- 
imately equals q/2 K and the average value of the spacing between elements 
of A Q (q) is very close to 2 K . For each k sufficiently large if pi is sufficiently 
large, for a certain percentage of different elements G A Q (q) the intervals 
[i, i + 72 K ) and [i', i' + 72 K ) will overlap. Under these conditions A(A(g)) will 
be less than 7, but the smaller 7 is, the closer A(A(g))/7 is to 1 for large g's. 
We will take advantage of this property particularly when we fix a leakage 
constant. 

By RemarkdJ #((Zn[0, q))\A{q)) is a little larger than (l- 7 )#(Zn[0, q)) 
for large k and p\. 

Suppose p > is given. If a g-periodic set A C Z is "not sufficiently 
p- independent" from A(g) it may happen that 

\ A(Q)) n [0, q)) < (1 - p)(l - 7 )#(A n [0, q)). (13) 
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In the next lemma we consider translated copies of A (g). We show that 
for g's with large prime factors there is only a small portion of n's when 
A n = n + A (g) satisfies f|T3|) . 



Lemma 2. Given a positive integer k and t, p > there exists p'[ such that 
if the odd primes satisfy p'{ < p\ < ... < p K and q = P\ • • • p K , then 

#|n G [0, q) :# (((n + A (q)) \ A(g)) n [0, g)) < (14) 

(l-p)(l- T )#(A o (g)n[0,g)U < eg. 



Remark 2. The heuristics behind ( TI41) are the following. The number of 
n G [0, g) for which n G A(g) is a little less than jq, due to "overlaps". This 
means that the number of those n's for which n g" A(g) is a little larger than 
(1 — 7)g. Now one can examine what happens when we look at translated 
copies of A (g). Formula f|T4l) says that for "most" translated copies of A (g) 
we cannot have much less than (1 — 7)#(A (g) fl [0, g)) elements of n + A (g) 
outside A(g). 

Before beginning the proof of Lemma [2] we choose po > such that 

i ~ 7i W r) >(i-p)(i-7)- (15) 



(I-Po) 2 / 

Recall from number theory that if p'/ is sufficiently large then we have 

(1 ~Po)§:< #(Ao(?) H [0, q)) = a q < TJ^y J:- (16) 

Proof. We can assume that e < 1. Take < ei < e 2 /32 and then choose K\, 
p[ and p'l as above. By (JSj) and q > p" > p[ we have q > K\jt\ and by ( |TT|) 



#{n G [0, g) : n £ |J [n i; n,- + Ki)} < e : g (17) 

for a suitable index set J7", defined above, and for each j G J we have 
V(Ki,nj,q) < pi for a suitable pi > 0. This means that 

Kl \¥ ~ pl ) < #(Ao(g) n [nj + ^ + < ^ + Pl ) • (18) 
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By Definition [2] for n G [0, q) we have n + n' G A(g) = A 7 (g) if n + n' — i G 
-A (g) holds for an i = 0, ...,72 K - 1. Set A 3 (q) = A (q) H + l,n,j + ifi] 
and 

t~/2 K -l 
U ( A o(<?)-*) 
i=0 

for each j G J7\ Using the definition of if 2 in (13), and (1T81) choose distinct 
numbers a^j, i' = 1, if 2 , so that 

- A''(g) = |J Al(q) - 1 C A, d = |J {a,,,} C K - 7 2 K , ^ + if J. (19) 

8=0 i'=l 

Clearly, by the choice of p[ in (jSj) the difference of any two of the a^j's is 
less than p' v By (pU) 

(n + A (g)) n A\q) c(n + A (g)) n (-A,-). 

Observe that there exists n' G Ao(g) such that n + n' G — A,- if and only 
if there exists z' such that n + n' = —a^j, that is, n + a^^ = — n' G — A (g). 

Recall that n + cij'j G — A (q) if and only if s(—(n + aj/j),g) = 1. Set 
iVj = {n G [0,g) : ^fi e(-(n+a^), g) > if 2 (^ + pi)}. If n ^ iV}, n G [0,g) 
then 

#((n + A (g))nA''(g)) <if 2 (^+px). (20) 

By (HOD 

#N d < e x q. (21) 

Here we remark that (fT0|) can be used so that we have (|2~T!) for all j G J7\ 
Indeed, assume A C [— 72 K , ifi] and A + rij = Aj then 

= N A ^{n G [0, g) : £ e(-(n + a), g) > if 2 (l + Pl )}. 

There are 2 l2K+Kl+1 subsets of [— r y2 K , if J. So, we can choose p" before ffTUl) 
so that we have #Na < t\q for all subsets A of [— 72 K , ifi]. 
If n £ Nj, n G [0, q) then by © and 



#((n + A (g)) n A'( g )) < if 2 (^ + pi) < (22) 

(l + p 1 )(l+p 1 2 K ) 7 if 1 (i: + p 1 ). 



10 



On the other hand, by flTjl 



For < n < q set J(n) = {j e J : n ^ Nj}. 
Consider an n such that 

#J(n) > 3^(1 " v^D- (24) 

Later we show that for most n's this inequality holds. 

Observe that if x G [— (rij + Ki) + 7 2 K — 1, — n 3 - — l]flA(g) then there exists 
i G {0, ..., 7 2 K — 1} such that x — i G — A (g) and x — i G [— (n^ + Ki), — rij — 1], 
that is, x — z G — Aq(?) and hence x G A-^g). Therefore, [— (n^ + K\) + 7 2 K — 
I, -rij - 1] nA(g) C A j {q). 

We want to estimate 



# I ((n + A (g)) \ A(g)) n [0, g) j = # I ((n + A (g)) \ A(g)) n (-g, 0] . 

By (J22D for any j G J^ 71 ) 

#((n + A (g))nA(g) n [-(n,- + iT x ) + 7 2 K - 1, -n,- - 1) < (25) 

Put 

T n = {t GZ:tG (-g,0]\ |J [-(n J +iT 1 )+ 7 2 K - 1,-^-1]}. 
It is clear that 

(n + A (g))nA(g)n(-g,0] C (26) 
T n U |J (n + A (g))nA(g)n[-(n i + K 1 ) + 7 2"-l,-n i -lL 

We need to estimate #T n . Since the intervals [—(rij + Ki), —rij — 1] are 
disjoint and, with the possible exception of the one with the largest index, 
are subsets of (— g, 0] we have by using ([7]) and ([21 



#T n < q - #J(n)(K x - 7 2 K ) < q - #J{n){l - e 1 )K 1 < 
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q - q^=^-{l - = q(l - (1 - ^{l - ^)) < qc x {e x ) 



where c x (e x ) — > as e x — > 0. Now we use this, < ^^ and (}2T)j) to estimate 



# (n + Ao(g))nA(g)n(-g,0] < 



#,7(n) • (1 + p0(l + Pi2 K )7^i(^: + Pi) + QC X (e x ) < 

(using (J23D) 

(J- + 1)(1 + + Pl 2 K ) 7 ^i(^; + pi) + qc x (e x ) = 

(1 + y )(1 + Pi)(l + Pi2 K ) 2 7^ + ?ci( El ) < 
(using (jSJ) and q > p[ > K x /e x ) 

(1 + ei)(l + pi)(l + Pi2 K ) 2 7 g^ + g Cl ( ei ) = 

(V + e x ){l + Pl )(l + Pl 2 K ) 2 + ^ c i( e i)) = c 2 (ei, Pi)7<Z^, 

where c 2 (ei,pi) -> 1 as ei,Pi — > 0. 
We can choose e x , pi > so that 

c 2 (e 1 ,pi)< 



(1 " Po) 
This by ( fT6l) implies 

ca(ei,Pi)7?^ < ^ _ 1 po ) 2 7#(A (g) n [0,g)). 



By (1151) we obtain 

#(«n + A Q (g))\A(g))n[0,g)) > (27) 
#(Ao(g) n [0,g))(l - __" )2 7) > #(Ao(?) n [0, g))(l - p)(l - 7 ). 
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To prove (I14p we need to show that there are sufficiently many n's which 
satisfy the above inequality. 

Let b be the number of n's for which 

#J(n) < q^7^(l ~ v^D- (28) 

If we can show that b < eg, then we have finished the proof of Lemma [2] 
since if (|24p holds for an n then we have ff27j) . If n satisfies (128]) then by the 
definition of J{n) from ff23l) we infer that n G iVj for at least i/el^^g many 
j's. Hence, using (121]) and ff23l) 

^^<£#^<e l9( x +1)< ?|£! 

which implies 

o < q < eg. 

1 - ei 

□ 



3 Periodic rearrangements 

We need a lemma concerning the fact that one can make a periodic pertur- 
bation of certain given periodic sets so that averages of the characteristic 
function of the perturbed set taken along squares is close to the average 
measure of the original set. 

Assume F C R is periodic by r' G N and if x G F then [\_x\ , [^J +1) C F. 
Given a natural number r > r', the r-periodic rearrangement of F is denoted 
by F T and it is periodic by r, and F T n [0, r) = [0, [r/r'J • r') n F. 

For the proof of the next lemma we recall that by the Polya- Vinogradov 
Theorem (see for example p. 324 of [14] ) for any n G Z, I G N and odd prime 

n+l—l , . v 

r, we have ( — J < 6-^/7- log t. 

j=n ^ ' £ 

Lemma 3. Suppose r G N ; -F C R periodic by r' and p > are given. There 
exists M p such that if r > M p is a prime number then for any n G N and 
i£R, if r\m then 

1 n+m— 1 

- £ X^(x + ^ 2 )>(l-p)A(F). (29) 

k=n 
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Proof. For each a G {1, r'}, let F a = U n = a ( mo <2 T /) [n, n + 1). Since F is the 
disjoint union of finitely many of the sets F a , it suffices to prove the lemma 
for some fixed F a . Also, note that it is enough to show that there is some 
M p such that if r > M p is a prime number, then for any n G N and jfl, 

- E XFzix + k 2 ) > (1 - p)A(F a ) = — ^. (30) 

fc=n 

Put / = [t/t'\ . 

Note Xf t (% + = 1 for an integer x if and only if there is some j G 
{0, I — 1} such that x + k 2 = a + jr' (mod r). 



Thus, using the Legendre symbol ( — ) , we have 

1 



#{k G {0, r - 1} : k 2 = a + jr' - x, (mod r) for a j G {0, 1}} 
1 l ~ l 

- ^ #{k G {0, r - 1} : k 2 = a + jr - x, (mod r)} = 
T i=o 



[r/r'J l^A/a + jr' — a; 



— + -E 



T 



j=0 

l-l 



Now as t — > oo, ^ T/ ^ - — > ^7. Setting S* = f j we only need 

to show S/t — > 0, as r — > oo. 

We argue this as follows. Since r' is a prime with r' < r, choose 6 
such that br' = a — x, (mod r) and set r* = (t') _1 , (mod r) so that 
6 = (a — x) • r*, (mod r). Since the Legendre symbol is a character, 

a + jr' — x)-T*\ f a + jr' — x\ (r 



c \ 1 / c \ T / c 



Also, we have |(^r) £ | = 1- Since 

(a + jr' — x) • r*\ /(a — x)t* + jr'r*\ fb + j 
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we have by the Polya- Vinogradov inequality 
1-1 



\S\ = 



E 

3=0 



b + J 



\S\ 

< Q\fr\ogT and > as r — > oo. 



r 



This completes the proof of Lemma 3. 

□ 



4 K — M families 

Definition 3. For a positive integer M we say that a periodic function or 
a "random variable", X : R — > R is conditionally M— 0.99 distributed on 
the set A, which is periodic by the same period, if X(x) G {0,0.99,0.99 • 
§,..., 0.99 • 2- M+1 }, and \({x G A : X(x) = 0.99 • 2"'}) = 0.99 • 2- M+/ - 1 A(A) 
for / = 0, ...,M — 1. (We regard R as being periodic by 1 with A(R) = 1 
and if A = R then we just simply say that X is M— 0.99-distributed.) By 
an obvious adjustment this definition will also be used for random variables 
X defined on [0, 1) equipped with the Lebesgue measure A. If we have two 
"random variables" Xi and X 2 both conditionally M— 0.99 distributed on A 
then they are called pairwise independent (on A) if for any y 1; y 2 G R 

\{x G A : X 1 {x) = Vl and X 2 {x) = y 2 }A(A) = (31) 
\({x G A : X l {x) = yi })X({x G A : X 2 (x) = y 2 }) 

or, equivalently, 

~\{x G A : = yi and X 2 (x) = y 2 }/\(A) = 

(\({x g A : X 1 (x) = yi })/X(A))(X({x G A : X 2 (x) = y 2 })/A(A)). 

If we say that Xi and X 2 are pairwise independent, without specifying A 
then we mean A = R. 

We will use the following simple properties. Assume Ai and A 2 are two 
disjoint sets with a common period. If X\ and X 2 are conditionally M— 0.99 
distributed on Ai and on A 2 , then X\ (and similarly X 2 ) is conditionally 
M— 0.99 distributed on Ai U A 2 . If, in addition Xi and X 2 are pairwise 
independent on each Ai and A 2 , then X\ and X 2 are pairwise independent 
on A x U A 2 . We note the last property depends on X 1 and X 2 having the 
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same distribution on Ai and A 2 . Similar properties hold if we have finitely 
many functions X\, ...,Xk with the same conditional distribution. 

For our argument a wide range of independent, identically distributed 
uniformly bounded "random variables" with expectations bounded from be- 
low by constant times M2~ M could be used. However, as the remark above 
shows we need identically distributed random variables and out of the many 
possible choices we picked the M — 0.99 distributed ones. For a motivation 
for this choice see [9]. 

We say that X : R R is M - 0.99 super distributed if 

X(x) G {0, 0.99, 0.99 • 2~\ 0.99 • 2" M+1 }, (32) 

and 

A({a: G R : X(x) = 0.99 ■ 2 - '}) > 0.99 ■ 2~ M+l ~ l for I = 0, M - 1. 
We need the following lemma: 

Lemma 4. Suppose r G N, X\, X# : R — > [0, oo) are M — 0.99 distributed, 
r periodic and X' K+1 is M — 0.99 super distributed t periodic and X' K+1 
is pairwise independent from Xh for all h = l,...,k. Then we can choose 
< Xk+i < X' K+1 such that Xk+i is M — 0.99 distributed and pairwise 
independent from Xh for all h = 1, k. 

Proof. Set 

&K+u = i x e R : = 0-99 • 2- 1 }. 

Then A(6^ +li ,) > 0.99 ■ 2~ M+l - 1 and 

1 ^ dc f0.99 • 2- M+l - 1 
1 > Ci= — = . 

We also set S K = {0, 0.99, 0.99 • 2- M+1 } K and for {y u ...,y K ) G S K set 

®K+l,i(yh Vk) = {x G &' K+h i : X h (x) =y h , h=l,..., K}. 

Clearly, Q' K+l l (y u ...,y K ) is r periodic and for (y 1 ,...,y K ) (y[, ...,y' K ) G 
S K the sets & K+u {Vi, •••> Vk) and Q' K+ljl (y[, y' K ) are disjoint. For all 

...,y K ) e 5^ choose a Borel measurable 0k+i,j(2/i> Vk) C ©^+1^(2/1, 2/jc) 
such that 

A(6jf + i,i(j/i, j/A-)) = CiA(ej f+lj ,(j/i, yjr)) 
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and 0jf+i,i(yi, -.-,3/jc) is periodic by r. 

For x G Qk+i,i(Ui, Vk) set X^- +1 (x) = X' K+1 (x) = 0.99 • 2~ l and for 
a; G Q' K+ll (yi, ...,y K ) \ Bk+i,i{v^ —iVk) set X K+1 (x) = 0. Do this for all 
(yi, ...,yK) G Sk and for all Z = 0, M — 1. Finally, for those x's for which 
X' K+1 (x) = set X K+ i(x) = 0. Then < X K+1 < X' K+1 . 

Suppose I G {0, M — 1} is fixed. Then 

A({x : X x+1 (x) = 0.99 • 2-'}) = £ A(e K+ i,^i, y K )) = 

E c A( Wi^(2/i 5 V*)) = aX®' K+ i,i) = 0-99 • 2- A/+ '- 1 . 
(yi,— >vk)^Sk 

This and fl32l) also implies that 

M-l 

A({a: : X K+1 (x) = 0}) = 1 - Y 0.99 • 2~ M+Z - 1 . (33) 

z=o 

Suppose y h G {0, 0.99, 0.99 ■ 2" 1 , 0.99 • 2- A/+1 } is fixed and denote by 
iSx,^ the set of those (yi, yx) G <5>x for which y h = y h . Then by the 
pairwise independence of X h and X' K+l on R we have 

A({x : = y h and X^ +1 (x) = 0.99 • 2"'}) = (34) 

\{{x : X h (x) = y h })X({x : X' K+1 (x) = 0.99 • 2"'}) = 
\({x:X h (x)=y h })X(Q' K+u ). 

On the other hand, 

Y M Wi,i(2/i'-:l/if))= ( 35 ) 
{y-L,-,VK)&S K) y h 

\{{x : = y fc and X^ +1 (x) = 0.99 • 2"'}). 

Since 

a Y K Q, K+i,i{vii-yVK)) = Y X®K+i,i(yi,-,yK)) = 

\({x : X h (x) = y h and X K+1 (x) = 0.99 • 2" 1 }), 
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if we multiply and (135]) by c\ we obtain 

\({x : ^(z) = y h and X K+l {x) = 0.99 • 2~ 1 }) = 

A({x : = y h }) ■ ci ■ \(B' K+ltl ) = 

\({x : X h {x) = y h }) • 0.99 • 2 - M+/ - 1 = 
\({x : = y h })X({x : X^ +1 (x) = 0.99 • 2-'}). 

By ( 1321) and fl33|) we also have 

\({x : X A (ar) = j7 h and X K+1 (x) = 0}) = 

M-1 

\({x : X h (x) = y h }) - J d x ■ = Vh and X K+1 (x) = 0.99 • 2-'}) 

1=0 

M-1 



\({x:X h (x)=y h })(l-J2 Q -W- 2 ~ 



•,-M+l-l^ 
1=0 

\({x : X fc (z) = y h })X({x : X^ +1 (x) = 0}). 



This completes the proof of the fact that Xk+i is pairwise independent from 
X h for aU h= 1,...,K. □ 

Definition 4. We say that a set V C N has sufficiently large complement if 
there are infinitely many primes relatively prime to any number in V . 

Sometimes we need to work with the "real" squares modulo q: 

Definition 5. Assume q = P\ - ■ -p K , where p\ < ... < p K are odd primes. Set 

A o(<?) = {ne A Q (q) : pj J(n, for all j = 1, k}. 

If n G A' (g), then there are 2 K many solutions of x 2 = n mod q, also observe 
that for fixed k 

#(A (g)n[0,g)) 

if pi — >■ oo, then : ; rr — ► 1- 36 

#(A' (g) n [0, g)) 1 ; 

Given 7 e (0, 1) we also put 

A;(g) = -A' (g) + {j e Z : < j < 7 2 K }, 
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A>) = A;(?) + [0, 1) = -A' (q) + {x:0<x< 7 2 K }- 

In the sequel often if 7 is fixed we will suppress the dependence on 7 by 
writing A'(q) and A (q) instead of A'^(q) and A 7 (g), respectively. To help to 
memorize our notation of these sets, "A"' means that the set "A" is built as 
"A" but instead of A we use Aq in our construction. We keep our earlier 
convention as well and hence 'A " is the set obtained from "A"' by adding 
[0,1). 

Definition 6. Suppose K, M G N, A C 1R is periodic by q. There is a 
parameter 7' associated to A. (If A = K. then q — 7' = 1. Otherwise one 
should think of A = Ay(g) and 7' is the parameter used in the definition of 
A.) In the sequel we assume that V C N has sufficiently large complement. 
A K — M family living on A with input parameters <5 > 0, Q, V > 1, A E N, 
V with output objects r, fh, Xh {h = 1, ...,K); Eg, uj(x), a(x) and t(x) is a 
system satisfying: 

(i) There exist a period r, functions fh R — > [0,oo), pairwise inde- 
pendent, conditionally M— 0.99-distributed on A "random" variables 
X h : R — > R, for h — 1, K, and a set E s such that all these objects 
are periodic by r where r is an integer multiple of q. 

(ii) We have X(Es) < 5. For all x £ Es, there exist u(x) > a(x) > A, 
t(x) < t such that lu 2 (x) < r, > f2 ■ r(x); moreover if a(x) <n< 
n + m < uj{x) and r(x)\m, then for all h — 1, K, 

-, n+m~l 

- E fh(x + k 2 )>X h (x). (37) 

(iii) For all p G V, {r{x),p) = 1, (r,p) = 1. 

(iv) For all x e A \ for all h G {1, K} 

f h (x + j + T(x)) = f h (x + j) (38) 
whenever a 2 (x) < j < j + t(x) < u 2 (x). 

(v) Finally, for h—1, K 

r[ fh = /^ <r -V-2- M+1 - (39) 
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Remark 3. The input parameters in the above definition should be regarded 
as something given in advance while the output objects are defined and con- 
structed later. The most important property is fl37|) . while the numerous 
other technical properties are needed in order to verify by mathematical in- 
duction the existence of K — M families. 

If x is not in the exceptional set E$, then (I3TI) says that the average of fh 
taken along the squares of a run of integers staying in the window [a(x), uj(x)] 
dominates X/ l (x), provided that the length of the run is a multiple of t(x). 
In (|38|) we claim that these functions appear to be periodic in the window 
[a 2 (x), P 2 (x)}, that is, when squares stay in the window [a(x), /3(x)]. 

Lemma 5. Let M G N, A = R (this implies q = 7' = 1). Then for each 
positive integer K and parameters 5 > 0, Q, T > 1, A G N, and V C N such 
that V has sufficiently large complement there exist a K — M family living 
on R with these parameters. 

4.1 Putting K — M families on quadratic residue classes 

The proof of Lemma [5] is quite involved. It will be done by induction on 
K. We will build a (K + 1) — M family for a given set of input param- 
eters, provided we know the existence of K — M families for all possible 
input parameters. To carry out this induction step we need to verify that a 
generalized version of Lemma holds. 

So we assume that K — M families on R exist for a fixed K G N for all 
possible parameter values. 

We will use the following lemma about "putting a K — M -family on a 
residue class" . We assume that V is a set of natural numbers with sufficiently 
large complement and we have a number q such that 

(q,p) = 1 for all p G V, q = p ,i • • • po,«, (40) 

and p ,i < ••• < Po,k are odd primes. 

We also assume that a constant 7 = 2~ c ~ l , the so called "leakage constant" 
is given with c 7 G N and k > c 7 . This 7 is used in the definition of A (g) = 

Lemma 6. Let M G N be given and suppose for some K G N that K — M 
families exist on R for all possible parameter values. Suppose that V , q 
and the parameter 7 associated to A (q) satisfy the above assumptions. In 
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addition, let 5 > 0, Q,T > 1, and A G N be given. Then for the above input 
parameters there exists a K — M family living on A (q) with output objects 
t, f h , X h (h = 1, K); E$, uJ{x), a(x) and r(x). Moreover, r = rq with a 
suitable r G N and ifE,(q) = Uj & z[jq, jq + 1^ K ) then f h (x) = for x G" H(g) 
and h = 1, K. 

Proof. Using V = V U {g}, choose a K — M family living on K. with input 
parameters S, Q' = Qq, T, A. This K — M family provides us with r, fh, Xh, 
Eg, uj(x), a(x), and t(x), satisfying (i)-(v) of Definitional Especially, 

for all p G V U {q} we have (r(x),p) = 1 and (r, p) = 1. (41) 

We construct a new i^-system, marked by overlines, which lives on A (g) and 
is periodic by f = rq. 

Set f h (x) = fh(x)q/2 K if x G E(q) = \J j£l \jq,jq + ^2 K ), otherwise put 
f h {x) = 0. Then f h is periodic by rq. 

Next we define X h (x) so that X h (x) = X h (x) for x G A (g), and otherwise 
let Xh(x) = 0. Clearly, Xh is periodic by rq and is supported on A (g). 

Next we check the distribution of Xh(x)\jt,~,. We know that Xh(x + r) = 
X h (x). From (l4il . (r, g) = 1 and thus the numbers jr, j = 0, q — 1 cover 
all residue classes modulo q. Now we can compute 

\({x G A'(g) : X h (x) = 0.99 • 2^}) = 

A({x G R : X h (x) = 0.99 • 2~ z }) = 

-4a({x G [0, rg) : X h (x) = 0.99 ■ 2 _i }) = 
rg 

1 — 

G [jr, (j + l)r) : X fc (z) = 0.99 • 2" 1 }) = 

rg ^-^ 

H 3=0 

1 * _1 _ 

— V A({x G [0, r) : + jr) = 0.99 ■ 2~ z }) = 

4#(A'(g) n [0, g)) • A({x G [0, r) : X,(x) = 0.99 • 2"'}) = 
rq 

(using that #(A'(g) H [0,g))/g = A(A'(g))) 

A(A'(g)) ■ -A({x G [0, r) : X h (x) = 0.99 ■ 2-'}) = 
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A(A'(g)) • \({x G R : X h {x) = 0.99 • 2~'}) = A(A'(g)) • 0.99 • 2~ M+l ~ 1 . 

Thus the "conditional distribution" of X h on A'(g) is M-0.99. 

Set T = {0,0.99,0.99 ■ 2~ 1 ,...,0.99 ■ 2~ M+1 } and T+ = T \ {0}. Next 
we show that the functions Xh are pairwise independent on A (g) . Suppose 
hi 7^ h 2 - First assume yi,y2 G T + . Then the above argument shows 

A({a: G A'(g) : X^x) = y 3 }) = \({x G R : X hj (x) = %})A(A'(g)) (42) 

for j = 1,2. A similar argument shows 

\({x G ~K\q) : A\(x) = y x and X h . 2 (x) = y 2 }) = (43) 

A({x G R : X hl (x) = y x and X h2 (x) = y 2 })\(K\q)). 

The range of X h . and X ftj equals T = T + U{0} and (j42l holds for all 
?/j G T + . Therefore, 

\({x G A'(g) : X hj {x) = 0}) = A({x G R : X fc ,(z) = O})^'®) (44) 

should also hold for j = 1,2. 

Recalling that Xh are M — 0.99 distributed and pairwise independent on 
R, using for a fixed y 2 G T + , (j4"3l for all yi G T + , and using (142]) with j = 2 
one can deduce 

A({x G A'(g) : X hl (x) = and X h2 (x) = y 2 }) = (45) 

A({x G A'(g) :X, i2 (x) =?/ 2 })- 

A({x G A (q) : X^x) G T + and X h2 (x) = y 2 }) = 

\({x G R : X hl (x) = and X h2 (x) = y 2 })\(K\q}). 

Similarly, one can see that for any y\ G T + 

\({x G A\q) : X hl (x) = y x and X hl (x) = 0}) = (46) 

\({x G R : X hl (x) = Vl and X h2 (x) = 0})\(K\q)). 

Recalling that X h2 is M— 0.99-distributed on R and using (T45|) for all y 2 G T + 
and (jSj) with j = 1 one can see that 

A({x G A'(g) : X hl (x) = and X h2 (x) = 0}) = (47) 
A({xG A'(q) :X hl (x) = 0})- 

A({x G A'(g) : X hl (x) = and X h2 (x) G T+}) = 
\({x G R : X hl (x) = and X ft2 (x) = 0})A(A~'(g)). 
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Since X hl and X h2 are pairwise independent and M — 0.99-distributed on R, 
from (I42H47I) it follows that X^ and Xh 2 are pairwise independent on A (q). 

Put E§ = Es- Clearly, E$ is periodic by r and this completes the proof 
of property (i) in the definition of a K — M family. 

It is clear that X(E S ) = X(E 5 ) < 5. For all x g.Eg, h G {1,...,K}, let 

a(x) = a(x), ZJ(x) = u}(x), r(x) = qr(x), then we have ^fl > VL'rix) = 

a \ x > 

Qqr(x) = flr(x). 

Now we verify (I3T1) for f h and X h . Assume x G A (q)\E$, a(x) = a(x) < 
n < n + m < oj(x) = uJ(x), t(x) = r(x)q\m. In fact, it is enough to consider 
the case when r(x)q = m = r(x). We claim that for any h — 1, K we 
have 

1 ra+m— 1 1 ra+m— 1 

m ^— ' m f — ' 

k=n k=n 

then we will apply (I3"7|) for and X fe . 

Since r(x)q = m and i e A (g) \ £j implies s G" .E^, using (l38l) several 
times we obtain 

1 n+m— 1 n n+r(z)-l §"-1 

- ^ fh ( X+ k 2 ) = - y T f M x+ w + M*)) i ) = 

k=n k'=n 3=0 



- £ qf h (x + k> 2 ) 



m 

k'=n 



From x G A (g), it follows that there exists &o such that x G — A; 2 , + [ifc <f, 2fc <H- 
72 K ), that is, x + k 2 . G [ife g, ifc g + 72' t ) for an i fco G Z, and k 2 . G Aq(5). Recall 
that there are 2 K many solutions of x 2 = fc 2 , modulo q. 

Since (r(x),g) = 1 for a fixed k', the set fc' + jr(x) forms a complete 
residue system modulo q as j runs from to q — 1, hence there are at least 
2 K many jV/s ^ = 1> • ••,2" with + jk',iT(x)) 2 = k 2 modulo g, where fco is 
defined above. Recalling that x G A (q) \ Eg, for any k' — n, n + r(x) — 1, 
we have 

q-l 2 K 

3=0 i=l 

2 K ~ ~ 

£ + (tf + JW^)) 2 ) J; > 2 K A(x + fc' 2 ) J;. 
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Therefore, 

n+m-l 1 n+r(x)— 1 g-1 



m z — ' m 

k=n k'=n j=0 



applying ([37]) for f h and X h 

n+r(a)— 1 _ n+m-l 

- gA(x + fc /2 ) = - V A(x + A; 2 ) > X,(x) > 



m * — ' m 

k'=n k=n 



This proves (ii) for x G A (q) \ E s . Since X h {x) = for x G R \ (A (g) U 
for these x's ( 1371) holds obviously for / h and X^. 

Using (l4"Ti) and (q,p) = 1 for all p G P we have (r(x),p) = (§t(x),p) = 1 
and (rq,p) = (j,p) = 1 for all p G V . This proves (iii). 

To verify (iv), suppose x G A (q)\Es, h G {1, ...,#} and a 2 (x) = a 2 (x) < 
j < j + gr(x) < ZJ 2 (:e) = u; 2 (x). 

If x + j G 5(g), then 

7 h (x + j) = f h (x + j)q/2 K = f h {x + j + r(x))q/2 K = ... = (48) 
fh{x + J + qr{x))q/2 K = J h (x +j + qr{x)) 

when a 2 (x) = a 2 (x) < j < j + qr(x) < lJ 2 (x) = u 2 (x). 

If x + j G" then fh(x + j) = = fh( x + j + qr{x)). This verifies (iv). 
Next we prove (v) 

i r? h = /7,<r- 7 .2-^. (49) 
rq Jo J 

Indeed, 

— S / lh(x + jr)dx = - - y27h(x + jr)dx = (*). 

To continue this computation recall that from (r, g) = 1 it follows that |_^J + 
jr hits each residue class modulo q once as j varies from to q — 1 and 
fh( x + Jt) = fh(x) for all j. Thus, recalling that 7' associated to A = R 
equals 1 and using (v) for fh 

(*) = - flf h {x)^dx = - 7 f /„(*)ds < r 7 2- A/+1 . 

This proves fj4*9|) . □ 
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4.2 Proof of Lemma [5] 



Let a positive integer M be given together with input parameters 5 > 
0, Q, r < 1, A G N and V C N with sufficiently large complement. To show 
the existence of a (K + 1) — M family living on R, we need to fix several 
constants for the induction argument. 

To begin with we will use the following Lemma [7J to choose a "leakage 
constant" which will remain fixed during the inductive construction of a 
(K + 1) — M family from K — M families. This lemma is a more exact 
expression of the ideas given in Remark [TJ 

Considering the sets A (q), a direct calculation shows: 

A(A;( 9 )) < 7 and A(R \ A>)) > 1 - 7 . (50) 

However, the closer 7 to 0, the smaller the percentage of "loss due to over- 
laps" . To obtain estimates from the opposite sides we will use Lemma [?J 

Lemma 7. For each < 7 < 1/7, one can choose constants C 7 > 1 > 
C 7 > 0, /t 7 G N, such that for each k > k 7 there exists p 7jK for which if 
P-y, K < Pi < ••• < Pk and q = pi - ■ -p K , then 

C, > and C 7 A(R\A;(g))<l-7-7 2 - (51) 

A(A 7 (g)) 

In fact, we can choose 

1 ~ 1 - 7 - 7 2 

CL = and = -. 

7 l- 7 7 7 I-7 + 77 2 

Therefore, C 7 — > 1 and C 7 — > 1 as 7 — > + . 

We remark that in (!5Tjl the second order term in (1 — 7 — 7 2 ) appears for 
technical reasons. It is clear that (1 — 7 — 7 2 ) /(l — 7) —>■ 1 as 7 — - > + . 

Proof. We use the fact that the limiting distribution of the gaps between 
squares is continuous. In fact, consider q = p 1 ■ ... -p K where p\ < ... < p K are 
odd primes. Let = X\ < 22 < ••• < x aq < q = x Uq+ i be the squares mod q 
so that a q = riiX 2 ^)- -^ e ^ eac ' 1 S a P 9i = Xi + l ~ Xi have weight l/cr q . The 
expected gap size is s q = — Y^\ q 9% — ^~ — 2 K Tli Let us normalize 
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the gaps; = j^. Kurlberg and Rudnick in [15], Lemma 14 proved the 
following result. For each iGl, 

hm * {l : *> = 1 _ c -. (52) 

K-*OC (J q 

Choose K-y such that if k > « 7 , then Vi - Ell < l — e -37 < 37. For each 
k > k 7 choose p 7iK such that if p 7jK < pi < ... < p K then rii(l + ) < 2 and 



Hi (1 — — ) > 1 — 7- Let q = Pi ■ ■ ■ p K - Letting x\ be the squares modulo q in 
[0, q) which are not divisible by any of the prime factors of q, we have 

A(A>)) > : x' j+1 - x'j > 7 2»} (53) 



1 y 1 



By ( 1521 and our assumptions, we get 



We have 



So, 



A(A;(g))>7^(l-7)-3 7 n(l + ^ > 

7 ((l_ 7 )_3 7 . 2 )= 7 (l-7 7 ) = ^. 



A(A 7 (g)) > 7(1 - 7 7 ) = 1 - ' " "'" 



(54) 



(55) 



Cry 



1 - 7~7 2 

Cry 



>l-A(A'(g)) = A(R\A'(g)). 



□ 



In order to apply Lemma [6] we need to choose a positive "leakage con- 
stant," 7, which remains fixed during all steps of the leakage producing the 
(K + 1) - M family. 

Fixing the leakage constant 7. 
We choose < 70 < 10~ 7 so that 

c 10 = —L- < r. (56) 
1 - 770 
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Moreover, for each 7 < 70 with 7 = 2~ C7 where c 7 £ N, by LemmaHwe choose 
k 7 such that for all k > k 7 there exists p 7jK for which if p 7jK < p\ < ... < p K , 
q = Pi ■ ■ ■ Pk, then 

A(A 7 (g)) > JL = (1 _ 770)7 > ^ A(R \ A 7 (g)) < 1 - ^. (57) 
We also have, 

C 7 > 1 - 70 - 70 > 1 - 10" 6 . 

From now on a value of 7 < 70, with 7 = 2" C7 , c 7 £ N satisfying the 
above assumptions is fixed. 

We note that the only input parameter that the leakage constant depends 
on is r. 

We will write A(g), A(g) and A (g) instead of A 7 (g), A 7 (g) and A (g), 
respectively. 

Next, after giving an outline we start the details of the proof of Lemma 

El 

4.2.1 Setting up the induction argument for Lemma [5] 

Proof. We proceed by mathematical induction. 

To start our induction we need to show that 1 — M families exist. During 
the general step of our induction we show that from the existence of K — M 
families one can deduce the existence of (K + 1) — M families. Since many 
steps of the 1 — M family case are shared with the general K — M family 
case we work out our argument so that it can be used for the later induction 
steps without any unnecessary duplication. Therefore, working on the first 
step of our induction one should think of K = during the first reading of 
Sections SXITOS] and obtain this way the (K + l) — M, that is, the 1 - M 
families. Then in Sections I4.2.91T4T2.15I we discuss the alterations needed for 
K > 0. It will be useful to keep in mind that if K = then fic+1,0 = /i,o, 
only h = 1 £ {1, K + 1} and there is no h £ {1, K}. 

Now we discuss briefly our general plan. When K > we assume that 
K — M families living on R exist for all possible input parameter choices. 
Let 8 > 0, Q, T > 1, A £ N and V C N be given. We will define our 
[K + 1) — M family with these input parameters. We can assume that V 
is closed under products. During the definition of the (K + 1) — M family 
another, "inner" finite induction is used (with respect to L) which is called 
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the leakage process. This technically delicate process is the focus of the next 
several sections. During this process we will use Lemma E] to define families 
which are almost (K + 1) — M families on sets of the type A (q), except for 
the new functions fx+i,L and X K+ljL . Each Jk+i,l is the indicator function 
of a set. As L grows the support of fK+i,L decreases. Lemma[2]and LemmaH 
are used to ensure that "squares hit sufficiently often" the support of fx+i,L- 
(This motivated the term "leakage" since the values of Jk+i,l leak onto some 
larger sets when we consider averages along the squares. See also [9].) This 
also requires that before defining fx+i,L one uses Lemma [3] to choose r' h _ x 
and make a t' l _ 1 rearrangement to yield an intermediate function /jf +1 £-i- 
At the same time we must keep track of our new random variable Xk+i,l 
and other auxiliary functions. It is essential in this induction that we can 
vary r and n. 

To help the reader going through the details of the proof here is an outline 
of the main features of the various sections of the proof. We hope this outline 
might help prevent the reader from becoming lost in the details of the proof. 

When K = in Section 14.2.21 we start the leakage process. We define 
fx+1,0 = 1 an d X k+ i q. At this stage fx+ifl is supported on IBL During the 
leakage process the size of the support of the functions fx+i,L is shrinking 
and we are interested in how much of fi<+i,L is "leaking" onto larger sets. 
When K > in Section 14.2. 9[ in addition, we introduce a K — M family 
periodic by r , consisting of functions fh,o, X h $ for h = 1, K. 

In Section 14.2.31 (see also Section T4.2. 101 when K > 0) we assume that we 
have accomplished step L — 1 of the leakage and we have a family periodic 
by tl-i, consisting of functions fh,L-i, Xh,L-i for h = 1,...,K + 1. We 
also introduce the auxiliary sets Sl-i,z, I = 0, ...,L — 1 used to describe the 
distribution of A^+i.l-i- 

In Section 14.2.41 (see also Section 14.2.111 when K > 0) we choose a prime 
number r' L _ l which is much larger than Tl-i and by using Lemma [3] we per- 
form a t' l _ 1 rearrangement of the family coming from Section l4.2.3l This way 
we obtain a family periodic by r^_ 1; consisting of functions f' htL _i, X' hL _ x , 
h = l,...,K+ 1. The auxiliary sets used for describing the distribution of 
X' K+1L _ X are denoted by S' L _ X p I — 0, L — 1. 

In Section H7275] we choose a kl and a square free number qi = Pi,l • ■■ ( Ik l ,l 
such that 2 KL is much larger than t' l _ x . The average value of the difference 
between elements of A (gL) is close to 1 Kh . We introduce some auxiliary 
sets, among them $^ and ^l, so that $l Ct\A (q L ) C and these two 
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auxiliary sets consist of intervals of the form [jr' L _ 1 , (j + 1)t j l _ 1 ), j G Z. If 2 KL 
is much larger than t l _i, then A(<&l) and X(^l) both approximately equal 
A(M\A To define our M family on ^l (which is approximately 

M. \ A (qh)) we will use mainly the functions coming from Section 14.2.41 We 
define Xh^(x) = X' h L -i(x) if h < K+l and x G $l. This Section is identical 
for the cases K = and K > 0. 

For 7^ > in Section 14.2.131 by using Lemma [6] we put a. K — M family 
onto A (qi)- This will yield functions f h Ll Xh,L periodic by TlQl- For 
ft — 1, we define on A (g^) by using X^l- For ft, = 1, our 
functions will be sums of f' hL _i restricted to and of the functions f hL 

"living" on k\q L ). This combined family will be periodic by t l = q{j L r' L _ x . 
The K = version discussed in Section 14.2.61 is much simpler because we do 
not have to deal with this putting a lower level family on the A (g^) step. 

The "leakage" is done when we define fx+i,L so that it equals the restric- 
tion of f' K+ i L _i onto the set ^l- This means that the support Fl of fx+i,L 
will have a very small intersection with k\qi). "Most" of Fl will be a subset 
of K. \ A ((/l) and will approximately equal the auxiliary set Sl,o- The nested 
sequence Sf^, I = 0, ...,L will describe the distribution X K+ i tL , the larger /, 
the smaller the values Xk+i,l can take on Sl,i \ Sl,i-i- 

In Section 14.2.71 we make the calculations needed to show that we have 
enough "leakage" from the support of fx+i,L so that we have the domination 
inequality (1371) with /k+i,l and X K+ ^ L - This section is again the same for 
the cases K = and K > 0. 

Finally, in Section l4.2.8l (see also Section |4.2. 1 51 when K > 0) we terminate 
the leakage process when we have reached a suitably large L = L" < V . The 
functions fh,L" for h = 1, K+l will yield the functions fh we need for the 
(K + 1) - M family. For h = 1, K the functions X h of the {K + l)- M 
family will equal the functions X h ^ L >>- To define X K+1 we use the sets Sl",i, 
I = 0, L" related to the distribution of X K+ i iL >>- We will choose X K+1 so 
that it is M— 0.99 distributed and less or equal than Xk+i,l"- 

Before turning to the details of the induction to help the reader going 
through the details of the proof for easy reference we collect some defintions 
and properties (some of them will be discussed later during the proof) at the 
same place. 

Quick reference summary: 

A(q) = A y (g) = -Ao(g) + {j G Z : < j < 7 2 K }, 
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A(q) = A 7 (g) = A 7 (g) + [0, 1) = -A (q) + {x : < x < 7 2 K }, 
A o(<?) = {n<E A (q) : Pj Xn, for all j = 1, k}, 
A'(g) = A;(g) = -A' (g) + {j e Z : < j < 7 2*}, 

A'(g) = A^g) = A 7 (g) + [0, 1) = -A' (g) + {x : < x < 7 2 K }- 

At Step L = of the leakage process we have: fx+1,0 = 1> -^o = R> 

5 ,o = R, r = 1, AV + i,o = (l - p')6y = (1 - P0C 7 X{Fo) < 1- 

After Step L — 1 of the leakage process we have: The set F L „ 1; an 
exceptional set E 1 ^ 1 , a period r L _x such that F^" 1 , E L ~ X , X hL _i, fh,L-i, 
{h = 1,...,K+ 1) are periodic by t l _i, fu,L-i '■ R - ► [0, oo), the "random" 
variables A^-i : R — > R are pairwise independent for /i = 1,...,K + 1, 
Xh,L-i are M— 0.99-distributed for ft = but not for ft, = X + 1. 

For the distribution of Xk+i,l-i the auxiliary sets Sl-i,i are used. For all 
x E L ~ X there exist £Jz,_i(:r) > o>l-i(x) > A, tl_i(:e) < tl-i- 

Then we do a t' l _ 1 periodic rearrangement. We choose and fix a 

sufficiently large prime r' L _ 1 . The set F L Sx is the t' l _ 1 periodic rearrange- 
ment of Fl-\. We modify our sets and functions so that they are all periodic 
with respect to r' L _ 1 . The new functions are: f' hL _i &'l-i( x ) ^l-i^) t l-i( x ) 

x 'h,L~i( x )- We define E ' L ~ X so that ^ satisfies ([73]). We set S' L _ ljL _ x = R 
and define the sets t . These sets are used in ( 1761) for the distribution of 
V 

^■K+1,L-V 

Then we choose a sufficiently large q L , and several important 
auxiliary sets: E(q L ) = U j& [jq L , jq L + 7 2 KL ), 
$ L = {x : dist(x,A\q L )UE(q L )) > 2t[,_ 1 } j 

= U{[K-i, (j + 1K_ X ) : $ L n [K_ x , (j +JK_ X ) ^ 0}, which satisfy: 
$l C $ L C $ L C R \ A'(g L ) C $i C ^l^C ^ L The sets $ L and ^ L are 
periodic by T^^qi, and the sets ^l, and are periodic by q^. 

They satisfy (EI]). We put E' L = m L n £ ,L ~\ = R \ (A~'(g L ) U $ L )jmd 

= R \ (K\q L ) U $ L ) C The set E'[ is periodic by q L , while is 
periodic by T^^qt- The exceptional set E L is defined at (11131) and E'[' in 

(HED. 

From this place on our definition of our new objects, like the 
functions f^i and X^ l splits and follows two different paths. One 
will be the definition of these objects on R \ A (qt) and the other 
the definition of these objects on A (qt). 

For the first path we are unable to use exactly the set R \ A (qt). We 
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need to use the auxiliary sets $^ and ^ l which are good approximations of 
this set. We have for example fx+i^L = f'x+i l-iX9l- 

For the second path by our induction assumption we put a K — M-family 
on A (qi)- The sets and functions obtained at this step are periodic by tlQl- 
They are f hL , ^l, tl, Xh,L and there is an exceptional set Es t L- 

We combine these two paths when we define fhL = f'h L-i'X^L+fh l for /i = 
1 f . 

Quick reference summary ends here. 

Next we turn to the details of our argument. We start by choosing some 
constants. 

Choose a positive integer V such that 

(1 " \) L ' < ±. (58) 

By recursion we construct pairs of functions fx+1,0, Xk+i,o, fx+i,L, Xk+i,l 
and some associated objects. The inner finite induction, the "leakage" will 
halt at some step L" < V . We show that the functions fK+i,L",XK+i,L" and 
their associated objects form a (K + 1) — M family except for the distri- 
bution of Xk+i,l"- However we will know enough about its distribution to 
easily obtain a (K + 1) — M family. 

By (|5ED we have C 7 < C 10 < T. 

We recall that the only input parameter that the leakage constant depends 
on is T. This dependence, and the possibility of using different values for T 
will play an important role during the definition of (K+ l) — M families with 
K > 0. 

Fix a constant r > 1 such that 

GXo < T. (59) 

Put 

() for L = 0, 



u 4(L' + 1) 

Next we choose sufficiently small positive constants p, p' and p. 
We suppose that 

(l-p)(l-2 7 )>l- 3 7 . (60) 
Recall that 1 > C 7 > 1 — 10~ 6 and we choose p' > such that 

0.999 < C 7 (l - p') < 1 < 1.001. (61) 
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Since < 7 < 70 < 10 7 and 1 > C 1 > 1 — 10 6 we can suppose that p 
and p' are so small that 

(1 - p) 2 (l - 2 7 ) 2 (1 - f/)C~ (1 ~ p/)C, \ • - > 0.99 ■ -. (62) 

v HJ v v HJ 7 0.999- (1 -p) 2 2 2 v ; 

Moreover, choose p > such that 

(l-^)(l-2p)>l-//. (63) 

Finally, we set Vo = V U V U ... U 7^, where V and each contains in- 
finitely many primes and all their possible products, but numbers in different 
sets are relatively prime; moreover Vo has sufficiently large complement. 



4.2.2 Step L = of the leakage process 

We put f K+lfi = 1. Set F = R, S 0fi = R, r = 1. So, X(F ) = 1 and 

X K+1 /= (1 - p')C y = (1 - f/)C 7 X(F ) < 1, see flEQ. 

For the case = we use the following argument. For > see a 
different argument in 14.2.91 

We choose a sufficiently large To, and functions ao(x), ujo(x), Tq(x) taking 
integer values for all x e M (in fact, these functions can be constant on R), 
such that the following assumptions hold: u (x) > a (x) > A, r (x) < t , 
w$(x) < T , > £It (x) = tt T (x), and for all p G V , (r (x),p) = 1, 

(to,p) = 1. For example, we could take aco(x) = A + 1, To(x) to be the 
smallest odd prime which is relatively prime to all elements of Vq, u>o(x) = 
Tq(x)Q(A + 2) and r be the smallest prime relatively prime to the elements 
of Vo and greater than (u (x)) 2 . 

By our choices; fK+1,0 — fi,o = 1- We put E$ = and E° = 0. For any 
meNwe have the all important "domination" property: for all x G R \ E°, 

. n+m— 1 

- V /i, (x + fc 2 )>X li0 (x). 

k=n 

It is also clear that for all x G R, fi t o(x + j + t (x)) = fi t o(x + j) for any 
jeR. 
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4.2.3 The setting after step L — 1 of the leakage 

Assume we have accomplished step L — 1 of the leakage process. We have 
constructed some objects satisfying the following conditions. There is an 
exceptional set E L ~ l with 

< (I7TT)*' < 64 > 

Vl-i = V U V' L U ... U V' L t\ there exists a period r L _! such that E L ~ X , X h)L ^i, 
fh,L-i, (h = 1,...,K + 1) are periodic by t l _ u f h ,L-i ■ R -> [0, oo), (for 
X > 0) the "random" variables Xh,L-i '■ R — > R are pairwise independent 
for /i = 1, X + 1, A\ L _i are M-0.99-distributed for h = l,...,K (in (El 
ITTT) we list the assumptions about the distribution of Xk+i,l-i, recall that 
for K = there is no h satisfying h = 1,...,K). For all x G" E L ~ X there 
exist u)l-i(x) > a,L-i{%) > A, tl-i{x) < Tl-i such that uJ L _ t (x) < Tl-i, 
UJl ~ 1 ^>. > VLt l _i(x)] moreover if a i _ 1 (x) < n < n + m < ul-Ax) and 
T~L-i(x)\m, then for all h = 1, K + 1, 



- V A,l_i(x + A; 2 ) >X h , L _ 1 (x); (65) 
m f— ' 

fc=n 

for all p G Vl-i, ( t l-i(x),p) = 1, ( t l-i,p) = 1; moreover for all x G" E L ~ l , 
/fc,L-i(a+j+TL-i(aO) = f h ,L-i(x+j) whenever a|_ 1 (a;) < j < j+Tl_i(:c) < 
w£_i(x) for all h G {1, K + 1}. 

We suppose that the values of fic+i,L-i are or 1, that is, it is an indicator 
function. 

If L — 1 = 0, then Xk+i,l-i is constant. 

If L — 1 > 0, that is, L > 2 then we give the extra assumptions about the 
distribution of Xk+i,l-i as follows. 

Recall Eq = R and also recall that for a Lebesgue measurable set F, 
periodic by p we have X(F) = ±A(F n [0,p)) = limjy->oo A(irn ^ JV ' Jvl) . We 
suppose that the sets periodic by r/ and the numbers n have been defined 
for I = 0, L — 2 during the previous steps of our induction, 

-, \ = n and 1 - 27 < n < 1 - - (66) 

hold for / = 1, L — 1. Clearly, \{F{) = r • • -rj. We also have Tj periodic 
functions fx+i,i = Xf { for each < I < L — 1. 
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Set F L ^i = {x : f K +i,L-i(x) = 1} and r L _i = |?fr-4 < 1- We also 
assume 

l-2 7 <r L _ 1 <l-|, (67) 

A(Fl_i) = ri • • -ri-i = r • • -r£_i. In (j!04p we explicitly show that this holds 
for r\. The sets S^-^o C ... C 5^-1,1,-1 = K are defined so that 

— - — > A(^x-i,o) > (1 - p)A(Fx_i), (68) 
1 - p 

if x G S L _ lj0 then = (1 - p')^ = (1 - pOCV^o)- For / = 
0, L — 1 we have 

7: ^ A(5 L _ li0 ) > A(^_ liZ ) > J—E-XSl-w), (69) 

(1 - p)r • • • n ' r ■ ■ ■ n 

which is equivalent to 

j^-^KSl-xv) > A(F,) • \(Sl-v) > (1 - p)KSl-x,o). (70) 
I 1 - P) 

If x G Sl-i,z \ for / G {1, ...,L— 1}, then 

X Jf+1 , Ji _ 1 (x) = (1 - p> ■ • • nO, = (1 - p')\(Fi)C T (71) 

The sets Sl-\,i are increasing almost by a factor 1/rj in size, whereas the value 
of X K+ i L _i on the difference is decreasing by a factor r ; . We also assume 
that F L _i has the property that if x G F L _i then [[xj, [xj + 1) C i 7 ' L _ 1 . 
We note that by (I5S]I 

/*+!,,< (1 - |)' for Z = 0,...,L-1. 

4.2.4 Rearrangement with respect to t' l _ x , choice of t' l _ x 

In order to construct the next set of objects in the recursion, we first create, 
by rearrangement, some associated objects to the (L — l)st step which are 
denoted by attaching primes. 

Since the set Fl-i is periodic by t l _i and is the union of some integral 
intervals we can apply Lemma [3j We choose M p > / 2 such that for all prime 
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numbers t' l _ x > M p > / 2 if we consider F^li , the t' l _ 1 periodic rearrangement 
of Fl_i, then for any x G M if r^-Jm, then 



n+m—l 



^ E X^^ + ^^a-^A^)- (72) 

We will choose and fix a sufficiently large prime t' l _ 1 G V' l _ 1 . We define the 
numbers %, i = 1, ...,5 below. We choose r^_ 1 so that it is larger than the 
maximum of T 5 and M p / /2 . Hence (J72J, (Tj3]), (J77J), (JTHl), (ESD , (ED, O, 
and (JS3J hold. 

Now, we modify our sets and functions so that they are all periodic with 
respect to t' l _ x . Since we are going to define functions which are periodic by 
7"x_i, it is sufficient to define them on [0, t' l _^). 

If x G [0, L r L-i/ r L-iJ ' t l-i) an d the right hand side of the equation is 
defined at x, set 



f'h,L-l( x ) = fh,L-i(x), h = 1, K + 1, 

u' L -i{ x ) = W£_i(ar), 
Tl-i 0*0 = rL-i(x), 

= *h,L-i(aO, /i = 1, ^ + I- 

On [L 7_ L-i/ r L-iJ' r L-i, t l-i) we define all the above functions equal to zero 
with the exception of the functions X' hL _ 1 , h = 1, K + 1. 

When > for these functions some minor adjustments will be made 
on this interval in order to ensure that they are pairwise independent for 
h = 1, K + 1 and are M-0.99-distributed for h = l,...,K. 

We can also assume that X' K+1 L _ x has constant value (1 — p')A(Fl_i)C 7 
on [Ltl-i/ 7 l-iJ 7 l-i> t l-i)- When L — 1 = then this implies that -2T^ +1 i _ 1 
takes this constant value on KL 

We define E' L ~ X so that it is periodic by t' l _ x and 

tf i - 1 n[o,7i_ 1 )= (73) 



£ L_1 n 



o,(L^J-iK-i) )u 



1— J -1)^1,7^! 

Tl-i 
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By choosing t' l _ x sufficiently large we can make < \{E' L l ) — \{E L l ) as 
small as we wish, hence, using (1641) there is T x such that if r' L _ 1 > T\ then 

When L — 1 = then 

X' K+lfl (x) = (1 - f/)X(F Q )C 1 for all xeR. (75) 

If L — 1 > 0, that is, L > 2 we need to deal with the auxiliary sets 
related to the distribution of X' K+1 L _ v We put S' L _ X L _ x = R. Observe that 

([T3D holds with E' L '\ E L ~ l being replaced by S' L _ 1}L _ X , and S L _i )L _i = R, 
respectively. For I = 0, ...,L — 2 we define the sets S' L _ ll so that they are 
periodic by r' L _ x and we have 

S' L -i,i n [0,^) = n [0, flrU/rx-iJ - l)r L _ x ). 

The above definitions and ( I7T1) imply 

A^+i,l-iO) = C 1 - p')CyX(Fo) for ac G Si_ 1(0 , and (76) 
= (1 - P')^A(^) for x G fif^_ w \ Z = 1, L — 1. 

By the strict inequalities in (|68|) . (1691) and (fTOl) we can choose 7^ such that 
if t'l-i > ^2 then 

jL-XFiri) > KS' L -i,o) > (1 - p)KFl-i) (77) 

and for Z = 0, L — 1 

^— -i— — A(^_ li0 ) > \(S' L _ hl ) > (1 - p)—!—!^^), (78) 

or, equivalently, 
1 



, A(5L_i,o) > A (F) ■ A(5l_ V ) > (1 " P)M^_ li0 ). (79) 

Set F' L _ X = {x : fic+i^x) = 1}, that is, F' L _ X n [0,^) = F L _ X n 
[0, LTl-i/^-iJtl-i) = F^nfO, LTl-i/^-iJtl-i) and /^^(x) = X * » 
for all a; G E. Clearly, A(F£_ X ) < A(F L _i). 
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For the case L — 1 = we note that F n [0, = [0, L r L-i/ r ^-iJ r i-i)- 
By ( 1721) for any x G E from r^Jm, it follows that letting f' K+1L _i = 



X T > we have 



-pL-l 
r L-1 



1 n+m— 1 , 

- E /W-i(^+^ 2 )>( i -^(^-o- (so) 

lib £ 

k=n 

This formula is the main motivation for introducing the t' l _ 1 periodic rear- 
rangements. 

Observe that if t' l _ x -> oo then A(F[_ 1 )/A(F L _ 1 ) -> 1. 
Hence we can choose 7^ such that if r L _ x > then 

l_p<5S^<l. (81) 

We remark that for L — 1 = inequality (|8ip simply means 1 — p < X(Fq). 
Moreover, we can choose 7^ such that if r' L _ 1 > T A then 

1 - — < ^-k=A < l < l + -X. (82) 
10 X(Fl-i) " 10 1 ; 

Finally, by (|68|) and (J77J) if L > 2 we can choose 7s such that if r' h _ x > T 5 
then 

-LaC*^) > A(^_ 1)0 ) > (1 - p)A(F^ x ) (83) 

holds as well. 

If x G [0,^^ \£ /L ~\ then put a' L _ x {x) = a L _i(x), w L _ x (a;) = lo L -i{x), 
t l-i( x ) = t l-i(%) < t l-i *C t^_i- This defines a i _ 1 (x), cj i _ 1 (x), and 
72,_i (a?) f° r all x G IR \ E' L ~ X as well since these functions are periodic 
by r' L _ 1 . It is also clear that {t l _ x (x),p) = 1 for all p G Vl-i- We have 
(c^-iO^)) 2 < r L _i and 

444 > ^ 

a L-l( X ) 

Suppose o^ L _ x {x) < n < n + m < <jj' l _ x { x ) an( i t 'l-i( x ) = T L-i{ x )\ r n- Since 
x G" E' L ~ l , formula ([73]) implies that x + k 2 G [0, L r L-i/ r £-iJ r L-i) for k e 
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{n, ...,n + m — 1} we infer by ( 1651) for h = 1 , . . . , K + 1 

1 n+m—l -. n+m— 1 

- E /iU-i(* + fc2 ) = - E + fc2 ) > ( 85 ) 

fc=n k=n 

X h ^ 1 {x)=X' KL _ 1 {x). 

For all x G [O,^) \ E' L ~ X , h G {1,...,AT + 1}, if a'LiO) < j < 
J + t 'l-i( x ) <W£_i(x), // l , J L-i(x + j + r L _ 1 (z)) =/h >L _i(a: + < 7+7i_ 1 (x)) = 
/hL-i( x + i) = fh,L-i( xJ rj)- By periodicity with respect to t^_ 1; the above 
estimates hold for any x G" E' L ~ l . 

4.2.5 Choice of « £ , g L , $ L , and A\ L on R\l!(q L ) 

Our goal in this section is to describe some sets, in particular $ £ and \l/ £ , so 
that we can take fx+i,L = fk+i l-iX^l in 14.2.61 The functions f' KJrX L _ x and 
Xm L are "independent" which allows us to reduce the integral of Jk+\,l- in 
this section we construct three components of the next exceptional set E L . 
The fourth component will be defined in Section l4.2.13l This last component 
is the exceptional set coming from the K — M family which we put on A (g £ ). 
We also construct the function Xk+i,l- To construct the sets mentioned 
above we choose a number q L G V' L , qi = Pi,l • • • Pk l ,l, Pi,l < ■■■ < Pk l ,l, 
where kl and pi )£ are both sufficiently large. 

In fact, we will suppose that kl is larger than the maximum of the num- 
bers JCi, i = 1, ...,7 and « 7 , we also suppose that px t L is larger than the 
maximum of it^Kl), i = 0, 7, p" L , and p 7jK , where /Q, 7Tj and p" L are de- 
fined below, the numbers k 7 and p 7jK were defined in Lemma [7J With these 
assumptions we will be able to use fes]) . (153)1 . (1951). (pi). (TTOTj) . (TT03D . (jlQgj) . 
and (11141) simultaneously. 

Recall that we assumed that p > satisfies (!63l) . An application of 
Lemma [2] with k l , e = 5/AL' and p instead of p yields p'[ L sufficiently large 
so that qL = pi j£ ■ ■ ■ p KL) L, with p" L < p 1L satisfies (1141) and hence we will 
be able to use (j!14p . 

By (1361) for given kl we can choose 7To(kl) such that forpi j£ > tto(kl) we 
have 

#((A (g L ) \ A' (g L )) n [0, q L )) < p(l - 7 )#(A (<?l) n [0, q L )). (86) 

Recall from Remark [1] that the average gap length between points of 
Ao(q'l) is approximately 2 KL and we can assume that it is much larger than 
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t' l _ v . The normalized difference between elements of A (g_L) approximates 
Poisson distribution by the results in 1 o j . see also Lemma [3 We also recall 
from Lemma [6] that = Dj^zljQL, JQl + 72 Ki ). We put 

$ L = {x : dist(x, AV) U%)) > 2r i ,_ 1 }, (87) 

$l = U^Y^, (j + : $i n [jr^, (j + 1K_ X ) ^ 0}, (88) 

$ L = {x: dist(x,A!(q L )) > r^J, 

$ L = {a; : dist(x, R \ 7\.'(q L )) < r^J, 

*l = U{br^ 1; (j + 1)^) : * L n bVLi, (J + 1K_!) ^ 0}, 
and finally 

^ L = {a; : tZistfo E \ A\q L )) < 2r' L _ x }. 

It is clear that 

$ L C $ L C $ L C R \ A'(g x ) C$ t C$LC (89) 
It is also important that by (IHTl) and flHHj) we have 

$ L n S(g L ) = 0. (90) 

The sets and ^! l are periodic by T' L _ x q L and the sets and 
are periodic by qi- If «i is sufficiently large, then 2 KL and hence most of 
the gaps between points of A (gi,) are much larger than t' l _ x . In the sequel 
by « we mean that if p^x, and 1 KL (compared to r' L _^} are sufficiently large, 
then the ratio of the two sides of ~ is sufficiently close to 1, later we will 
specify further this assumption. Since A (qi) consists of intervals of length 
72 Ki which is much larger than t' l _ x , we have 

\{* L ) « A($ L ) « A(tf L ) « A($ L ) « A(£ L ) « A($ L ), (91) 
A($ L ) < \(R\A\q L )) < \(* L ) and A(M\A'(g L )) « A(* L ). (92) 

Using this and ([50]) we can choose /Ci and a function tti such that if 
k l > JCi and pi t L > 7i~i(k l ) then 

A($ L ) > A(R \ A\q L ))/2 > (1 - 7 )/2. (93) 
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Set E'l = R \ ( A (g^) U $^), this will be part of the new exceptional set 
E L . We also introduce 

E'[ = R\(A'(q L )U<t> L )GEl (94) 

It is clear that E'[ is periodic by qi, while E'[ is periodic by r' L _ x qi,. 

We can choose /C 2 and a function 7r 2 such that if kl > /C 2 and pi t L > 
tc 2 (k l ) then 

AK)<A(^)< i | 7 - (95) 

Set 

X h>L (x) = X' hjL ^(x) if /i < + 1 and x e $ L . (96) 
For K > we can make the following comment: Since $^ consists of 
intervals of the form [jr^-i, (j + l)r{ / _ 1 ), this definition and the remark after 
the definition of X' hL _ 1 in Section [4.2.41 ensures that the functions Xh,L are 
pairwise independent for h = 1,...,K + 1 and are conditionally M— 0.99 
distributed on for h = 1, K. 
On E'[ we will have 

X K+1 , L (x) = (1 - pOMFl-i)^ (97) 

and we define X^l for h = 1, K so that they are pairwise independent on 
furthermore, (for K > 0) the functions are conditionally M— 0.99- 
distributed on E'[ for /i = 1,...,K. Since is constant on E'[ it is 

automatically independent on this set from X^l for h = 1, K. 

The functions Xh,L are periodic on by r' L _ x qL for /i = 1, K + 1. In 
this way the -AT^'s are defined on $ L U E" L = R \ A (q L ). 

We set E' L = $ L n£' w . 

Next we consider some sets which are used to describe the distribution of 
Xr+i,l- 

If L = 1 set Si )0 = R \ A'(gi) and = R. 

If L > 2 first we define S Ljl for I = 0, L-l so that S Lii n$ L = Si_ lj ,n$ i 
for / = 0, L-l. We choose' S Li , so that S Lil n(R\$ L ) = for I = 0, ...,L-2. 
We choose S L , L _x so that S L , L _! = E'[ U n $ L ) = E»\J$ L = 

R\A\q L ). Finally, we set S L)L = R, then 5 L , L \ 5 L , L _i = A'(g L ). 
We have by ([76]), (for the case L = 1 by (1751)) and (|96|) 

A^+i, L (£) = (1 - p')A(Fo)C ; 7 for s e Sl, , and (98) 
X k +i,l(x) = C 1 - POXFi)^ for z G \ / = 1, L — 1. 
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The case when / = L will be considered in (I102p . By (1941) we have E'[r\&L = 
and hence S w n E'[ = for / < L - 2. This implies E'[ C \ S LyL - 2 - 

Hence ( 198|) applied with I = L — 1 implies (19T1) . 

Let Fl = ^/l nF[_!. Using the fact that is periodic by r^_ 1 and 
is the union of some intervals of the form [jT^_ 1; (j + 1)t^_ 1 ) and is periodic 
by t' l _iQl one can easily see that X(Fl) = A( 1 I / l)A(F|_ 1 ). Moreover, 

Since A(F|_ 1 ) < A(Fx_i) by fl92l there is /C 3 and a function 7r 3 such that if 
k l > /C 3 and p 1)L > ^(^l) then 



HF'l-i) 1-7 -, 
A(F L _0 1-7-7 2 



A(* X )=^H < - - 1 2 A(R \ A'(g L )). (99) 



By (1511) we obtain 



C,r L = C y ^L = C 7 A(^ L )^m < 1 - 7 . (100) 

By (ED]), (E7D, (JH2D and A(*r) ~ A(R\ ~ti(q L )) there is /C 4 and a function vr 4 
such that if kl > K-4 and pi t L > vt 4 (kl) then 

We set 

^+i,l(x) = (1 - p')X(F L )C, for a; e S L , L \ S L>L ^ = A\q L ). (102) 

If L = 1 then A(Fi) = A(#i)A(Fo) « A(R \ A'( 9i )) and A(S lj0 ) = A(R \ 
A'(gi)). Furthermore, A(Si,i) = A(R) =l,ri« A(R \ A'(gi)). 

By fl50|) . (I5~TI) . (I9~TT) and (|92|) there is /C 5 and a function 7r 5 such that if 
/ti > /C 5 and p^i > 7T5(/ci) then 

1 - 1.1 7 < A(* x ) < 1 - *L and 1 - P < < 1. (103) 
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From (JgU, dS2J, (E2D and (ITU3D it follows that 



l-2 7 <r 1 = A(* 1 )^<l-^ I (104) 



1-p v ^ 1-p 

A(5!,o) = A(R \ A'( gi )) > (1 - p)A(¥i)A(i$ = (1 - p)A(Fi), 
(keeping in mind Fo = K) 

_J_A (Sl o) = M^WgW > = 1 > (105) 

A(Ryb))I(F,) ± 
1 W A(*i)A(J?) ^ Vi ^ w 

and 

-J— 1(51,0) > A(F 1 )A(5' 1 ,i) > (1 - p)X(S lfi ). (106) 
1 - P 

This shows that fTTTU]) and ffTTTj) below hold for L = 1 and / = 1. For L = 1 
and Z = 0, flllOp and fillip are obvious. 

If L > 2 we have A(S L>0 ) = A($ L ) • A(^„ 10 ). From (JH it follows that 

1>(1 (107) 

Therefore, by (j9"Tl) and (|92l) there is /C 6 and a function 7r 6 such that if k l > JC e 
and pi t i > vr 6 (/ti) then 

Using this, and f[9"2"l) a simple calculation shows that 

' X(F L ) = J—X^^XF^) > X(S L , ) = X(^ L )X(S' L _ h0 ) > (109) 



1-p ^ 1-p 

(l-p)X^ L )X(F' L _ 1 ) = (l-p)X(F L ). 
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It is also clear that \{S Lil ) = A($ L ) • X(S' L _ hl ) for / = 0, L — 2. Using (j7_gj) 
we have for I = 0, L — 2 



' A(S L , ) > X(S L ,i) > (1 - p) — X(S L ,o) (HO) 



(l - /?)r • ■ • n r • • • n 

and by A(F) = ro ■ ■ • we have 

' -A(S L , ) > A^A^) > (l - p)A(5 Li0 ). (Ill) 



l-p 

When I = L — 1 a little caution is needed. We have A(Slx-i) = (A($^) + 
A(^))A(^_^-i) = A(R\A'(g L )). By flUD 

1 KS' L -i,o) 



(1 - p)r ■ ■ ■ r L „! XiS'^) 



> 1. 



Hence, there is K7 > /Ci and a function 7r 7 > 71*1 such that if kl > /C 7 and 
Pi,l > 7T7(/cx,) then using fl93|) and fl95l) 



A(^_i,o) ^ 1 , 2A(F 



> 1+ - v ^ > (112) 



(1 - p)r ■ ■ ■ r L ^ A(5'£_ lji _ 1 ) 1-7 

l J(&£) _ A(* L ) + \(E» L ) 
A($ L ) A($ L ) 
Using this and (175]) one can deduce that (1110)) and (11111) hold when Z = L — 1. 
From X(S L>L ) = 1 and (fT09l) it follows that 

-J— A(5- L) o) > A(F L )A(S L , L ) > (1 -p)\(S Lfi ). 
l-p 

Using the fact that A (Ft,) = r ■ • ■ tl we find that ( 1 1 1 j) and (111 1 j) hold for 
I = L as well. 

Denote by F L the set of those n's for which 

#^((n+A (g i ))\A(g i ))n[0,g i )^ < (l-p)(l- 7 )#(A (g i )n[0, q L )). (113) 

Recall that by our choice pi t L > Vi l an d hence qi satisfies (fT4"]) with e = 5/4Z/ 
and p instead of p. Lemma [2] yields 

#(S?n[0,g L ))<— g;, (114) 
43 



Set _ 

E'l = {x G R : [x\ G E"[}. (115) 

Then X(E'l') < 8/AL' and if x $ E'l' we have 

— #{*' G [0,q L ) n Z : LxJ + A;' 2 £ A(g L )} > (116) 
Ql 

— G [0, g L ) n Z : LxJ + A;' 2 £ A(g L ), k' 2 G Afe)} > 

to 

-2"*#((([a:J + A(,(to)) \ A(g L )) n [0, > 
to 

^-2 K ^#(((LxJ+A (g i ))\A(g L ))n[0,g L ))-#((Ao(g L )\A[ ) (g L ))n[0,g L ))^) > 
(using that for [^J G" -E 1 ^' we have the negation of (11131) ) 
l2 K ^((l-p)(l- 7 )#(A (to)n[0,g i )))-#((A (g L )\A^(g L ))n[0,g i ))^) =(*). 
Recall that we assumed that > tto( k l)- Thus we can apply fl86|) yielding 

(♦) > 1 2 ^(1 - 2p)(l - 7 )#(Ao(to) n [0, g L )) = (**)• 
to 

Using ([3]) we can finish with the inequality 

(**) > - 2p)(l - 7 )^ = (1 - 2p)(l - 7 ). (117) 

to * 

4.2.6 Putting K - M families on A.'(q L ) 

In this section we check the domination property of averages along squares 
for one part of the complement of E L . 
We put 

fx+i,L = fic+i,L-i " X^ L - ( 118 ) 

Then indeed, F L = {x : f K +i,L{x) = 1} = ^ L r\F' L _ u and we have / f K +i,L = 
X(Fl). Since f' K+1 l~i is periodic by r' L _ 1 G "P^-i and ^ l is periodic by r^^to 
the function fx+i,L is also periodic by r^to- 
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When K > and h G {1, K} we will define f htL in fll36p so that 



= (x) for s G $2 



Choose C such that it contains infinitely many primes and all 
their possible products, moreover all numbers in V'[ are relatively prime to 
q L G V' L and set V L = V U V'[ U U ... U 7^,. 

When K = 0, z.e., when constructing a 1 — M family we have to put a 
vacuous "0 — M family" on A (qi)- 

Hence, for K = 0, for the definition of a 1 — M family we just set Tl = 
q L (r' L ^)\ E 5l = 0. 

When K > 1 this step is crucial, see 14.2. 131 

Set V L = V U V' L+1 U ... U 7^, CV L C Vl-i- We also put E L = E 5l U 
£iU^U E'l', and r L = q L r L r' L _ v When iT = 0we Refined r L = u^L-if 
and hence = cHi^L-i)*' Then for all p E Vl C Tl we have (r L ,p) = 1 
and (r^fx),^ = 1 when x£R \ E L . Assume x G R \ (A(q L ) U E L ). Then 
x G $i C $x an d the old estimates work. 

In other words, for x G R \ (A (q L ) U -E' i ) C $l? set a^(x) = a^_ 1 (x), 
u L {x) = uj'l^x), t l (x) = t'l^x) = t L -i{x). Then u\{x) < r L -\ < t' l _ x < 
tl and by (|84|) we have 

Observe that if x G R \ (A'(g L ) U E L ) C $ L \ E' L = $ L \ C 
$l C $l, then from x G" E' L ~ X , Ol(x) <n</c<n + m< cl>l(x), and 
wfXx) < r L _i < r^_ 2 it follows that x + /c 2 G$lC\I/l and hence by fll 18[) . 
fK+iA x + k<2 ) = fk+i,L-i( x + k 2 ) and by dH5D , if tl(^) = TL-i( x )\ m then 

1 n+m— 1 1 n.+m— 1 

- E W-i^+ fc2 ) = - E Wl(x+p)> 

fc=n fc=n 

X k +i,l(x) = x 'k+i,l-i( x )- 

Finally, for all x G R \ (K\q L ) U £ L ) C $ L \ E' L = $ L \ E' L ~ l C $ L , 
ft, = 1, K + 1, if a 2 L (x) < j < j + Ti(x) < w£(x) < Tl_i, then x + j, x + 
j + t l (x) G $l and 

Z/U-i( x + -? + r L-i( x )) = fhA x + j + T L( x )) = fhA x + f) = fh,L-l( x + j)- 
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f Assume x G A (q L ) \ E L C A (q L ) \ E &L . 

For the K = case set a^x) = a'^^x), ujl(x) = r{ / _ 1 g i cu^_ 1 (x), and 
t l(x) = T L _ x q L T L _ x (x). Then w£(a?) < (t^O^Kt^) 2 = r L and 

^l(x) ^_ 1 (x)r[_ 1 g L , , 

Since is periodic by r' L _ x q L and r' L _ x q L \r L [x) we have f K +i,L{x + j + 

= fK+i,d x + i) for a11 x and i- 
Instead of the above paragraph we will have a different argument in Sub- 
section for the K > case. 

4.2.7 Properties of fx+i.L 

In this section we check the domination property for averages along squares 
for x in the remaining part of the complement of E L . 

We need to check (jHSJ) when h — K + 1 and x G A (q L ) \E L = (S l ,l \ 
Sl,l-i) \ E L , and tl(x) = r[ ( _ 1 giT[ ( _ 1 (j;)|m. If we can show that ( 165]) holds 
when m = r' L _ l qi J then this clearly implies that it holds when tl{x) \m. Recall 
that is periodic by qL- Since t' l _ x G T^i, qi G "P/, implies (t^_ 1; g^) = 1, 
fc' + jqi covers all residues modulo T L _ X as j runs from to t' l _ x — 1. Since 
f' K+ i L _i is periodic by t' l _ x , using flHUj) we obtain 

4- E W-i(^ + ( fc '+m) 2 )>(l-^)A(F L _ 1 ). (H9) 

Also observe that from the periodicity of by qi it follows that if x + /c' 2 G 
then x + (k' + j'^l) 2 £ $l C $i as well. Hence from x + k' 2 G it 
follows that f K +i,L( x + i k ' + JIl) 2 ) = f' K + i + + JQl) 2 )- Therefore, 



n+r' L _ iqL -l 

-, £ + A: 2 ) 



T ^-l^ k=n 



n+q L -l T L-i 1 

^ E E /A' + i,L(^ + (^ + m) 2 )> 

t l-i1l k , =n j_ o 
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r ,-1 



n+q L -l T L-1 



— E E //< + l,L(x+(fc'+ m ) 2 ) 



fc'=n j= ° 



- E it- E /W-i^+^'+m) 

9i r L-l 



2 ^> 



fc'=n J= ° 



fusing (tniD) 

n+q L -l ! 

- £ d-|m-)> 



fusing ([89])) 



1(1 _ L)\{F L _ x )#{k! G [0, g L ) n Z : x + fc' 2 £ k\q L )} > 

— {1 - ^)A(F L _ 1 )#{A; / e[0,q L )nZ:x + k' 2 £ A(q L )} = 

(1 - ^)X(F L ^)-#{k' G [0,q L ) nZ:[x\+ k' 2 £ A(g L )}. 
2 <?l 



Now use the estimates (11161) through (11171) and obtain that for x G" E'[' C E 1 
1 G [0, ? L )nZ: L^J + ^ £ A(g L )} > (1 - 2p)(l - 7 ). 



Thus, if x G (S LjL \ S l ,l-x) \E L = A'{q L ) \ E L we have 



f K +i,L( x + k2 ) > 



T ^-l^ k=n 



(l-|)A(F L _ 1 )(l"2p)(l-7)> 



(Using (E3D, (H00]) and ffTTS]) ) 

> (1 - p')(l - 7)A(F £ _i) > (1 - (/)C^X{Fl) = X K+ljL (x). 
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4.2.8 Finishing the leakage 

We keep repeating the leakage steps until for the first time for some L" we 
have J{F V ,) < 2~ M which implies A(Fl»_i) > 2~ M By (J5gJ) and ffTOil 
applied to all L < L' we have L" < L' and by 7 < 70 < 10~ 7 we have L" > 2. 
We set / ft = / A)£/ / for h = 1, K + 1, and X ft = X A>i « for h = 1,...,K. 

From the induction steps we have E^=E L " such that \{Eg) < %7+^ ^ — 

There exists r= f r^// such that fa = 1,...,K+ 1, X^, ft, = 1, and 
Xk+i,l" are periodic by r, h = 1, ...,K and are pairwise inde- 

pendent Xh, /i = 1,...,K are M— 0.99-distributed. By using the distribu- 
tional properties of Xk+i,l" we will define Xk+i at the end of this section. 

For all x Eg there exist cu(x) = ujl"(x) > a(x) = ayix) > A, t(x) = 
T L »{x) < r such that u 2 {x) < r, ^ > Qt(x). Setting f K+1 = f K +i,L", (see 
also (11181) ) if r{x)\m then 

- V /^ + i(x + fc 2 ) (a;). (120) 

k=n 

When K > one also needs to use (11401) . see Section [4.2. 151 

For all p e "Pl» D V, (r(x),p) = 1, (r,p) = 1. For all x ^ Es and for 
all h G {1, K + 1}, /^(a; + j + t(x)) = /^(x + j) whenever a 2 (x) < j < 
j + r(x) < uj 2 (x). Finally, 

J f K+ i = A(i*L") < 2- M+1 < T • 2- M+1 , (121) 

when > we also need (11411) from Section 14. 2.15[ 

We have met all the requirements for a (K + 1) — M family except the 
distribution of Xk+i,l" is not quite right. We need to replace Xk+i,l" by a 
suitably chosen Xk+i which is M— 0.99-distributed, moreover for K > it 
is pairwise independent from Xh when h = 1, ...,K. By choosing Xk+i so 
that Xk+i < Xk+i,l" from (I120p we infer that if a(x) < n < n + m < u(x) 
and r(x)|m then 

^ n+m—l 

- V iW + i(x + A; 2 ) >X x+1 (x). (122) 

Since L" is the first index when \(F V >) < 2~ M we have A(F L //_i) > 2~ M 
which by (110 II) implies 

A(Fl«) > (1 - 2 7 )2~ M (123) 
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What is the distribution of Xk+i,l"? Recall F L u = {x : fx+i(x) = 1}, 
1 - 2 7 < r L = A(F L )/A(F L _0 < 1- f, for L = 1, L", and X(F L ) = 
r . . . r L = n ■ ■ ■ r L . By ( 11091) and p?j) 



7^2- M > -— — X(Fl") > \(S L „, ) > (l-p)X(F L „) > (l-3 7 )2- A/ . (124) 
1 - p 1 - p 

By (J98D, X* +1)i „(x) = (1 - f/fa • 1 = (1 - f/)C 7 X(F ) if * e ^"o- 
By (JSHD and ([102]) if x G Sz« ; \ Svji-x then for Z = 1, L", 

X K+ iM x ) = (1 - 0>o • • • nCV = (1 - p')X{F l )C 1 . (125) 
This and (16T1) imply that for a; G Sl",l" \ Sl»,l"-i 

X K+hL »(x) = (1 - f/)C 7 X{Fr/ f ) < 2- M (l - p')C 1 < 0.999 • 2~ M+1 . (126) 
Using (II 101) we have the following measure estimate: 

! \(Su>,o) > HSl»,i) > (1 - p) l —XSv' fi ), 



(l-p)r ---ri r ---ri 
which by (II 111) is equivalent to 

jL-XSwfl) > m)HS L »,i) > (1 - p)X(Sv,o). (127) 

Suppose for I = 0, M — 1, £'(/) is chosen so that 

-Xjf+i.j/'te) > 0.999 • 2 - ' when x G S LV / (0 , (128) 

but Xx+i,l"( x ) < 0.999 • 2 _i for some x G (z)+i, by fll26}l such an 
f (/) < L" exists. By ([125]) 

(1 - f/)\(F e(t)+1 )Ci < 0.999 • 2-', 

and 

(1 - p')X(F e/(l) )C 7 > 0.999 • 2~ l 

hold. Therefore, using A(i^m + i)/A(-FV(n) > (1 — 27) we infer 

_ ~ n QQQ 

0.999 ■ 2- 1 < (1 - f/)\(F m )C^ < YT^ 2 ~ l - ( 129 ) 
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Set Su',i'(-i) = 0- By using (j!25j) and the above definitions, estimates for 
/ = 0, M - 1, x G Si/i^i) \ we have 

0.999 ■ 2~ l < X K+1>L „(x) < 0.999 • 2~ ( ^ 1) . (130) 

By (H27D 



1 x 1 



< 



ACS'l'V'CI)) < 1 -A(Sl»,o) 

fusing (H2U) and (11291 ) 



(1-p) 2 v 7 0.999 -2-' 0.999 ■ {I - pf 
on the other hand, by using (1127P 

(using (TT24D and (TT29D again) 

(1-^(^0(1-^7(1-27) 



0.999 • 2" 



> 



(using (H23J) 



(1 - p) 2 (l - 2 7 ) 2 2~ M • 2'(1 - 



7" 



Thus using (E2D for / = 0, M - 1 

A(5'l"/'(o \ Si/vo-i)) > (131) 

(1 - p)\\ - 2 7 ) 2 2-^(l - p')^7 " o, 9 ( 9 1 9 Tf| ) f 7 p)2 • 2 ~ M+l ~ l > °- 99 • 2 ~ M+l ~ K 

By ( 11301) if / = 0, ...,M - 1, x G Slv(z) \ Sl"^{i-x) we have X# +1>i // (rr) > 
0.999- 2~'. 

By (11251) . takes different constant values on the set Sl",o an d on 

the sets Sl",i \ Sl»,i-\ for / = 1, L" . 

When K > we also know that Xk+i,l" is pairwise independent from 
Xh for /i = 1, K. Hence, any function which is constant on the sets Sl",o, 
Sl",i \ Sl",i-i, I = 1, L" is still independent from each Xh for h = 1, K. 
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Set X' K+1 (x) = 0.99 • 2"' if x G Sl»,*'(z) \ S^^x) for / = 0, ...,M - 1. 
Set X' K+1 (x) = if x 5i//^( M _i). Now < X^+i^//. When if > 

0,X} <+1 is still independent from each Xh, h = 1,...,K and it takes its 
values in {0,0.99, ...,0.99 ■ 2- M+1 }. But it is M-0.99 super distributed. By 
Lemma H] we can choose an M— 0.99-distributed Xk+i < X' K+1 which is still 
independent from X^ for each h = 1,...,K. This completes the part of our 
proof when we build the 1 — M family, that is for K = our argument ends 



4.2.9 The K > cases of our induction 
Step L = of our leakage 

Next we assume that K > 1 and we can define K — M families. 

We use the definitions of the first paragraph of Subsection 14.2.21 After 
the definition of Xjc+x,q we argue this way: 

Choose a K — M family on R with input constants 5o = 4( - L f +1 - ) , — ^ 5 
r C 7 < T, A Q = A, Vq. Then there exist a period r ; functions fh t o '■ 
R — > [0, oo), pairwise independent M— 0.99-distributed "random" variables 
Xh,o '■ R — > R, for h = 1, ...,if, a set periodic by r , with A(£ , 5 ) < <5 - 
Moreover, for all x E 1 ^, there exist Wo(s) > « (x) > A, r (x) < r such 
that Uq(x) < t , > fir (a;) = fi To(x), if a (x) < n < n + m < u (x), 
and To(x)\m then for all /i = 1, K + 1 (for h = 1, if by the definition 
of the K — M family, for h — K + 1 by the definition in the first line of 
Subsection 14.2. 2p there exists < fhfl such that 



For dllp G Po, ( r o(^),p) = 1) ( T o,p) = 1- For all x g" £?5 and all h — 1, if+ 
1, A,o(a; + j + r (x)) = / h)0 (x + j) whenever aft(x) <j<j + r (x) < uj%{x). 
Finally, 



here. 



n+m— 1 



X] A,o(x + A; 2 ) >X M (x). 



k=n 




for /i = 1, 



if. 
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4.2.10 Case K > 0, the setting after step L — 1 of the leakage 

We can repeat almost exactly the argument of Subsection 14.2.31 We only 
need to add after the paragraph ending with fl65|) that for h = 1, K 

— h,L-i = [ h,L-i < c 7 r ■ 2- M+1 . (132) 

We emphasize that we do not expect that (11321) holds for h = K + 1 and 
continue with the paragraphs of Subsection 14.2.31 concerning the distribution 
of Xk+x,l-\- 

4.2.11 Case K > 0, rearrangement with respect to t' l _ x , choice of 

This subsection is again almost completely identical to Subsection 14.2.41 The 
only extra remark we need after the first line of the last paragraph of Sub- 
section 14.2.41 is the following: We also have 

J fU-i < I h,L-i < C,T ■ 2- M+ \ (133) 

for h = 1,...,K. 

4.2.12 Case K > 0, choice of k l , q L , $ L , ty L , and X hjL on R\~K\q L ) 
This subsection is identical to Subsection 14.2.51 

4.2.13 Case K > 0, putting K - M families on ~X'(q L ) 

This is the subsection where we have a huge difference. This is where we 
need to use the results from the previous step of the induction on K. 

The first four paragraphs until the definition of Vl are identical to the 
ones in Subsection 14.2.61 

Contrary to the K — case now we have to put a K — M family on 

For the choice of the K — M family living on A (qi) use Lemma [6] with 
V L , 5 L = 8/4(L' + l),tt L = n- q L r' L _ x , T and A. 
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(i) We obtain functions f h L , X h ^ L periodic by tlQl for h — 1, K, where 
Tl is a suitable natural number. The functions X^,l : M ^ M are 
pairwise independent and conditionally M— 0.99 distributed on A (qL)- 
There exists E$ L periodic by r L q L . For h = 1, ...,K and x G" = 

U je z\jqL,jqL + 72 Ki ) we have f h>L (x) = 0. 

(ii) We have \{E Sl ) < 5 L = 5/A(L' + 1). For all x G" E Sl , there exist 
ZJ L (x) > a L (x) > A, t l (x) < r L q L , TD 2 L (x) < r L q L , 

ul{x) . n _ , , n / _ f s 
_ , v > MlTl{x) = MqLT L _ 1 T L (x). 
a L {x) 

Moreover, if cJl(x) < n < n + m < UJl(x) and r^(x)|m then for h = 

- n+m— 1 

- E 7^(z + * 2 )>*M**0- (134) 

fc=n 



(hi) For all p EV L , (r L (x),p) = 1, (r L q L ,p) = 1. 

(iv) For all a; G A~'(g L ) \ -E«5 L , for all /i = 1, K, 

fh,L( x + J +T L {x)) =J h:L (x + j), 

when a 2 L (x) < j < j + r L (x) < uJ L (x). 

(v) Finally, for all h — 1, K 



f h r < T ■ 7 ■ 2~ M +\ (135) 



We now define the functions Xh,L on A (q L ) for h—1, ...,K, by setting 
— Xh,i(x) if a; G A (qL), h — 1, K; also define 

fh,L = f KL -\ ■ Xi> L + 7h,L f o r h = l, K. (136) 

Where f' hL -i i s defined in Section 14.2.41 and $l in Section 14.2.51 It is impor- 
tant that by ( 1901) . H(gx), which contains the support of f hL is disjoint from 
$l which contains the support of f' hL -i ' X$> L - 

Recall from (H33D that J/^ i _ 1 < JA,l-i for h = 1, K. 
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Using (11351) and that f' hL _i is periodic by r^_ x and $l C R \ A (g^) 
consists of blocks of length t' l _ x 

[ h,L < ■ [ /h.L-1 + To ( __? I 2-^ +1 A(A / (g L )) = (*). (137) 

J J \X(A(q L ))J 

Since $ L C R \ A'(g L ) by (11331) we have 

\ A($ L ) p ^ o-AJ+1 



A(R\A(g x )) 

Hence, we can continue our estimation by using (1551) 

(*) < (7 A,l-i) - ■ A(R \ A'(g L )) + roC^+^Cto)) < 

/ A(R \ A (q L )) 

T ■ C 7 ■ 2" M+1 . (138) 

After these observations we can return to Section 14.2.61 to the definition 
of Vl and read everything until the paragraph marked by a f . 

When K > we need to add the following estimate to the case when 
x e R \ (K\q L ) u E L ) c $ L c $ L . 

If ai(x) < n < n + m < ojl{x) and rz,(x)|m then by fl85l) and fl96|) for 
= 1 # 



L J . .. j 

n+m— 1 ^ n+'fn,— 1 



- E /iU-i(* + **) = - E A,L(x + fc 2 )>X /l>L (x)=X^ L _ 1 (x). 

k=n k=n 

(139) 

Next suppose x G A\q L ) \ E L C A'(g L ) \ ^fe- For /i = 1,...,K the 
estimates which we have for the K — M family put on A (q^) can be ap- 
plied. In other words, for these x, set u>l(x)=uJl(x) > ai(x) = f «^(x), 
T L (x)=r L (x)q L T , L _ 1 <t l = q L TLT' L -i- Then u\{x) < r L , and 

u L {x) 



a L ix) 



> n L r L (x) = VLt l (x) 



Furthermore, if ai{x) < n < n + m < cul(x) and TL(x)\m, then Ti(x)|m and 
by ffT34j) and fTT36|) we have for /i = 1, K 



n+m—l 



- Y\ fh, L (x + k 2 ) >X h>L (x). 



m 

k=n 
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For all p G Vl C Vl we have (r L (x)qi J T' L _ 1 ,p) = (r L (x),p) = 1 and for 
h = 1, ...,K, if < j < j + t l (x) < u 2 L (x) then a\{x) = a\(x) <j< 

j + t l (x) < ... < j + q L r' L _{T L {x)_< u\{x) = uJ 2 L (x) and hence fu, L {x + j + 
tl(x)) = f hjL (x +j + t l (x)) = f h>L (x + j + gLr[_ 1 r L (x)) = f hjL (x +j + 
(Qlt'l^ - l)r L (x)) = ... = f h)L (x + j) = f h>L {x + j). 

4.2.14 Case K > 0, properties of /k+i,l 
This section is again identical to Section 14.2.71 

4.2.15 Case K > 0, finishing the leakage 

We start to argue as in Subsection 14.2.81 We need to insert just before the 
sentence containing (11201) the remark: Moreover, if a(x) <n< n + m < uj(x) 
and r(x)\m, then for all h = 1, ...,K letting fh = fh,L" (see also flBBT) which 
is used with L — L" + 1) 

1 n+m— l 

- E h(x + k 2 )>X h (x). (140) 

k=n 

Before (11211) we need to add the comment that by (I137H138]) for h = 
1,...,K _ 

Jf h < c 7 r 2- M+1 < r • 2- M+1 . (i4i) 

The rest of the argument is identical to Subsection 14.2.81 and this way we 
can complete our induction. 

□ 

5 Proof of the Main Result 

Lemma [5] yields the next theorem which, as we will see, easily implies Theo- 
rem [U 

Theorem 8. Given 5 > 0, M and K there exist r G N, E s C [0,1), 
a measurable transformation T : [0,1) — ► [0, 1), T(x) = x + — modulo 
1, f : [0,1) — > [0, +oo) ; Xh, h = 1,...,K which are pairwise indepen- 
dent M— 0.99 -distributed random variables defined on [0, 1) equipped with the 
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Lebesgue measure, X, such that \(E$) < 5, for all x G [0, 1) \ Eg there exists 
N x satisfying 

1 N x K 



x k=i h=i 



and J [01) fd\<K- 2~ M+2 . 

Proof. Use Lemma with 5, SI = 1000, T = 1.1, A = 1, V = to obtain a 
K — M family with E s , ft and X h periodic by r = r . Set iJj = fl [0, 1) 
and for x G [0, 1) set f h (x) = 1.01 • f h (r ■ x), X h (x) = X h (r ■ x). 

Assume x G [0, 1) \ Eg. Since Sla(r ■ x)t(tq ■ x) < lu(t ■ x) we have 
oj(to • x) = n < n + {SI — l)a(r • x)r(r • x) < uj(t ■ x) and (13Tj) used with 
n = a(ro ■ x) and m — (SI — l)a{jQ ■ x)t(t$ ■ x) implies 

^ a(To-x)+(fl-l)a(To-x)r(To-x) — l 



(SI - l)a(r • x)r(r ■ x) 

_^ a(To-x)+(Q-l)a(To-x)T(To-x)-l 

TF, — Tw w V Yl fh(r -x + k 2 ) >X h (r -x). 

(O - l)a(r • x)r(r ■ x) 

Since fh > 0, if we let N x = a(r • x) + (Q — l)a(r ■ x)t(t ■ x) — 1, then since 
SI = 1000, N x /(Sl - l)a(r ■ x)t(t ■ x) < 1.01, for all h = 1, K 

i _ ^ m Nx _ 

^ E AC 7 **) = 7r^ A(r ° ' {T ^ x)) ~ Xh{x) - (142) 

x k=l x k=l 

Let /(x) be the restriction of J2h=ifh( x ) on ^° [0, 1). Therefore, using (1391) 
with 7' = 1 from Lemma [5] we obtain 

f f(x)d\(x) = 1.01 V /a < 101 • r ■ A" • 2- M+1 < A ■ 2- A/+2 . 
J ° h=l J 

For all x G [0, 1) \ E s by (I142|) there exists N x such that 

1 iV* K 

-E/(^)>e^)- 



x fc=l h=l 



□ 
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Now we can complete the proof of Theorem [TJ 

Proof. For each p G N set M p = 4P. On the probability space ([0,1), A) 
consider M p — 0.99-distributed random variables Xh for h — 1, ...,K for a 
sufficiently large K. Assume that u denotes the mean of these variables. An 
easy calculation shows that 



u 



I X h {x)dX{x) = V °-" 2 ' 2 ^ ' 2- M ? +l - 1 > 0.9 ■ M p ■ 2~ M *- 1 . 



Wi 1=0 
By the weak law of large numbers 



\<x : 



1 K — 

— ^X h {x)-u 



Fix K so large that 



h=\ 



K 



U 

~ 2 



0. 



\<x 



4^ 



u 



and let 



UL 



h=l 



i 



fx) > - > >1-- 

p 



X 



K 



0.9 



Af„ ■ 2 



-M v -1 



We have A(C/^) > 1 — ~. By Theorem [8] used with 5 = ~, M p and K there 

exist t G N, Ei/p C [0, 1) and a periodic transformation T : [0, 1) — > [0, 1), 
T(x) = x + i modulo 1, / : [0,1) -> [0,+oo), X ft pairwise independent 

M p — 0.99-distributed random variables defined on [0, 1) such that \{E\/ P ) < 
i and for all x G [0, 1) \ E\/ p there exists N x such that 

, N x K 

W J2f(T k2 x)>J2x h (x) 



k=l 



h=l 



and L 1} fd\<K- 2' M ^ 2 . Put U p = U' p \ E 1/p . Then A(C/ p ) > 1 - | and for 



x e Up there exists iV T such that 



i N ' K _ 9 

— f(T k2 x) > Mx) >K. — .Mp-T 



k=l 



h=l 
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Thus letting t p = K ■ M . m p ■ 2~ M r- 1 , and 




we have U p C U p and hence X(U P ) > 1 — |. On the other hand 

JfdX_J\f\d\ R-2- M " +2 32 

t p ~ t p < K-^-Mp- < W p 

Hence, X(U P ) — > 1 and f \ f\dX/t p — > as p — >■ oo. Therefore there is no C 
for which (j2j) holds with \x = X. This implies that the sequence = k 2 is 
L 1 -universally bad. □ 
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